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au`qy bolzwno dI nOnif&rYnSIeybl kONtInuAs &MkSn

v`loN
gYrhwrt kOvwlIauskI

ivcoN frYzfn

bohImIAx swieMs sosweytI nUM pyS kIqI 16 d`sMbr 1921 dI mIitMg ivc h`r Xwsyk ny
iek bhuq idlc`sp irport bolzwno idAW moq auprMq ip`Cy CifAW ivigAwnk ilKqW qy[
hor C`f ies qoN zwihr hY bolzwno nUM swl 1834 qk, so vwAYrStrws qoN iqn dhwky qoN v`D
pihlW, pqw sI iek kw&I srl ivDI dw ijs nwl bx jWdI hY kONtInuuas &Mksn ijhdw
ikqy vI nhIN fYrIvyitv[ pr h`r Xwsyk v`loN l`BI ieh &MkSn QIErI dI ilKq ivc prU&
pUrI sKqI nwl nhIN sI ilKyAw[ qy ies ivc bolzwno ny kw&I s`mJyAw swbq krnw, iek
hr DW fYNs pr isr& kwauNtybl sbst au`qy hI, ieh nw mOjUdgI fYrIvyitv dI[ h`r irKilk
ny pr ausI Awdwry v`loN Cwpy prcy (3 &rvrI 1922) ivc idKw idqw hy ik ieh kimAW
ikMvy pUrIAW ikqIAW jw skidAW hn[ mYN Kud lwiepzIgr ibirKtx (12 jUn 1922) dy
iek Coty not ivc bolzwno dI ieh Swndwr pRwpqI auqy kuJ itpxIAW krdy EhdI ivDI nUM
iek ijEmYitirk bxqr idqI hY[

bolzwno vrqoN krdw hY iek Kws mUl kwrvweI dI ijs nwl &`tI PQ bx jWdI hY
cwr &`tIAW vwlI g`fI[ Eh A`D‐lMbweIAW PM qy MQ dy bxWdw hY cwr brwbr ihsy
PP1, P1P2, P2P3, P3M kRmvwr MQ1, Q1Q2, Q2Q3, Q3Q[ hux Q coN lMGdI horIzONtl
ryKw ivc lY Q3 dI murq Q′

3 A`qy M coN jWdI horIzONtl ivc lY P3 dI mUrq P ′
3 bxw lYNdw hY

g`fI PP ′
3MQ′

3Q[iksI sYgmYNt PQ nUM sYgmYNts dI ieh g`fI PP ′
3MQ′

3Q ivc qbdIl
kr dyxw hI hY bolzwno dI mUl kwrvweI[ &`tI PQ qoN bxI ieh g`fI dIAW cwroN &`tIAW qy
lgw &yr ieho mUl kwrvweI Eh bxw lYNdw hY 42 &`tIAW vwlI g`fI, A`qy &yr iehnW s`B nUM
vI iesI ivDI nwl krdY qbdIl, byAMq vwr[ ieh g`fIAw konv`rj krdIAW bx jWdIAW
hn iek krv, jo horIzONtl nUM x‐AYkiss qy vrtIkl nUM y‐AYkiss mx, grw& hY iek
koNtInuAs &MkSn dw ijhdw ikqy vI nhIN fYrIvyitv[

iekdm smJ qoN bwhr hY ikaUN bolzwno mUl kwrvweI ivc TIk cwr ihsy bxWdw hY doxo
A`D‐lMbweIAW dy[ koNtInuAs &MkSn ijhdw ikqy vI nhIN fYrIvyitv qW qd vI bx jWdI
hY jy AwpW dono A`DW PM qy MQ dy cwr nhIN, pr do brwbr ihsy bxw iehnW dy m`D
ibMduAW nUM M krmvr Q coN lMGdy hOrIzONtl iSSyAW c ir&lYkt kr idMdy hW[ ik bolzwno
ny nhIN sI dyKyAw ik EhdI ivDI kuJ &zul kOmplIkyitf sI? myry iKAwl c AsMBv hy ieh
cIz CupI sI eynI iq`KI buDI vwly AYs Bly bMdy qoN; mYrI rwey hor hY, ijhdI Swied puStI
vI ho jwey hor pVqwl kr EhdIAW ilKqW dI, ijhnW dI Ajy pUrI qSqI& nhIN hoeI hY,
qy nW ieh ilKqW dw Kzwxw Ajy TIk kRonolOijkl krm ivc sMgiTq ikqw igAw hY[ swnUM
pqw hY h`r Xwsyk qoN ik bolzwno A`ksr ieko ivSy nUM keI iBx nz`rIAW qoN ivcwrdw sI, qy
qrIkW nw hon kwrx Aksr EKw hY phCwnxw ilK`q dw inSicq rUp[ mYNnUM lgdY ieh cwr
ihsy krnw kIsI hor qrIky dw ihsw sI ijs ivc ieh kudrqI sI[ ies not ivc mYN dUeI
ivcwrDwrw nUM kuJ A`fjst kr &yr auswrx dI koiSS krWgw[

iksI sYgmYNt nUM ijhdI slop hY s ilKyAw jw skdw hY (do FMg nwl) jIEmYitRk s`m do
sYgmYNts dw ijnhW dI slop hY 2s A`qy −2s[ mn lE msln sYgmYNt nUM kOmplYks nMbr
x+ iy XW x+ isx qy cuxo x1 Aqy x2 ieMj ik x+ isx = (x1 +2isx1)+ (x2 − 2isx2),
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ijs qoN &t x1 = 3x
4 , x2 = x

4[ ilK &yr sx dI QW y iml jWdw hY cwhIdw vMf‐&OrmUlw
(1) x+ iy = ( 3x4 + 3iy

2 ) + (x4 − iy
2 )[

AwpW dyKdy hW ik ieh x dy ivBwjn qoN hI inSicq hY[ Fig.1 ivc ieh iek idqI sYgmYNt
dw ivBwjn do ivc, ijnhW nUM mYN khuMgw dohrI iqKIAW, idKweyAw igAw hY[ iek vwr dono
komponYNt idqI sYgmYNt dy auqy hn, dUjI vwr dono Q`ly[ so kih skdy hW AsI ik sYgmYNt dw
do dohrI iqKIAW ivc hY iek auprlw qy dujw Q`llw ivBwjn[ &ormUly (1) qoN kOmponYNtW dy
ErfInyt imldy hn sYgmYNt dy ErfInyt nUM mwr guxw 3

2 kRmvwr − 1
2 nwl[ jy AwpW idqI

sYgmYNt nUM pihlW A`Dw krdy hW qy &yr dono ihsyAW nUM ieMj dohrI iqKIAW ivc ivBwijq krdy
hW qW AwpW mwrxI hY guxw 3

4 kRmvwr − 1
4 nwl[ q`Q ik ieh dono nMbrW dw Bwr 1 qoN G`t hY

iblkul zrUrI hY kwmXwbI leI bolzwno dy qrIky leI ijhVw mYN &yr auswryAw hY[ Kws sw&
dyKx leI ieh sb kuJ AsIN A`D‐sYgmYNtW dw ivBwjn krdy hoey hmySw auqlw rwh hI lYxw
psMd krWgy hux hyT ilKy vyrvy ivc[

sYgmYNt PQ dy dono A`DW nUM do dohrI iqKIAW ivc vMf ky bx jWdI hY smJo cwr f`byAW
dI rylg`fI y = ϕ1(x)[ hux ieh cwrW dw EhI hwl kr bx jWdI hY 42‐sYgmYntW dI g`fI
y = ϕ2(x), ieqAwid[ sw& hY y = ϕn(x) dIAW swrIAw 4n sYgmYntW phlI qoN 2n guxw
iqKIAW hn[ A`qy nwl hI pUrI x‐ieMtrvl qy shI ϕn(x) ≤ ϕn+1(x) hY bdOlq ies dy ik
AsIN hr ivBwjn dorwx auqlw rwh hI lYNdy hW[ AMq kOnstr`kSn coN inkldI hY nwbrwbrI
ϕn+1(x) − ϕn(x) < ( 34 )

n+1K ijQy K hY mwqrw sYgmYNt PQ dy ErfInyt dI[ ijs qoN
pRwpq ho jWdI hY XUnI&orm konvrjYNs sIrIz ϕ1 + (ϕ2 − ϕ1) + (ϕ3 − ϕ2) + · · · dI, so
eygisstYNs qy koNtIinautI bolzwno dI &MkSn Φ(x) = limϕn(x) dI[

AwpW dyKdy hW &`t ik Φ(x) auqy vI hn, iksI vI g`fI y = ϕn(x) dy swry vrtYks,
qy eyQy s`jyEN Ehdw fYrIvyitv hY +∞ qy K`byEN −∞, so iehnW coN isr& sIryAW qy hn
fYrIvyitv, qy Eh vI ien&Iint, P qy +∞ qy Q qy −∞[

jy AwpW koeI hor poAYNt A lYNdy hW krv y = Φ(x) dw, Eh hoeygw auqy iek qy isr&
ieko hI sYgmYNt PnQn hr g`fI y = ϕn(x) dy, ijnhW dI lMbweI v`Ddy n nwl zIro vl
konvrj krdI hY[ hux ies qy inrBr krdY ik iehnW sYgmYNtw coN, jo sw& bolzwno krv
dIAW kOrfz hn, ik byAMq cVdIAW qy nwl iek hor byAMq igrdIAW hn, ik isr& ieko
qrHW dIAW hI byAMq hn[ ies dy muqwbk ik phlI XW dujI gl sc hY AwpW khW gy A
phlI XW dujI klws dw hY[ dono qrHw dy poAYNtW dI kwrfInYlItI kOntInUAm dI hY, jo bMdw
Arwm nwl cYk kr skdY[ jy A phlI jmwq dw hY qy iek cVdI PnQn Es dy Qly hY
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qW zwihr hY ik PnA dI slop hor vI izAwdw hY[ ikauNik ieh Axigxq n leI huMdw hY
ieh s`B K`byEN pwsy A dy if&rYNs koSYNtW dI ilimt hY +∞[ iblkul AYNvy hI s`jyyEN A
dy hY iek if&rYNs koSYNtW dw sIkuAYNs ijhdI ilimt hY −∞[ jy A dujI jmwq dw hY qW
XW qy qkrIbx sB PnQn cVdIAW XW qkrIbn sB igrdIAw hon igAW[ ieh do kys
y‐Aykiss ivc ir&lYkSn nwl iek dUjy c jWdy hn, so kw&I ieko dI pVqwl krxI[
mx lYNdy AwpW ik Axig`q hn cVdIAW ieh kOrfz Qly, qW K`byEN iml igAw A qy if&RYNS
koSYNtW dw sIkvYNs ijhdI ilimt hY +∞[ ieh dyKx leI ik swry A dy if&rYNs koSYNtW dI
ilimt +∞ nhIN hY, kw&I hY hux Fig.2 nUM inhwrxw[

p`kw hY Apwr kImqW n leI, mqlb ieh hoeygw byAMq vwr, ik Pn+1Qn+1 auqy hY
PnQn dy s`jy A`D dy[ ikauNik Agr ieh nhIN, qW kIsI n qoN bwd ieh swrI kOrfz dw iek
sIrw ieko hUMdw, qy &yr A vI EhI hoxw sI, pr A nhIN iksI g`fI dw vrtYks[ icqR ivc
ivcwro A nUM Pn+1Qn+1 qoN auqy[ jy kOrf PnSn dy koErfInyt hn (hn, kn), qW &OrmUly
(1) dI vrqoN dsdI hY ik PnQn dy koErfInyt ( 3hn

4 , 3kn

2 ) Aqy PnRn dy ( 3
2hn

2.42 ,
32kn

2.22 )

hn, so RnSn = PnSn−PnRn dy hn koErfInyt ( 2332hn,− 1
8kn)[ ijs qoN, kOrf RnSn

dI slop hY − 4
23

kn

hn
jo n v`Ddy nwl jWdI hY −∞ vl[ jy byAMq vwr A auqy hY AYsy RnSn

dy, so kOrf ASn hor vI iqKI hY, AwpW nUM iml igAw A dy sjyEN pwsy iek if&rYNs koSYNtW
dw sIkuAYNs jo −∞ vl kOnvrj krdw hY[ rih igAw ivcwrnw Fig.2 nUM jd A lgBg
hmySW kOrf RnSn dy Qly hY[ qd A qoN K`by nUM jWdI kOrf ARn iqKI hY SnRn qoN Aqy
s`jy nUM jWdI korf AQn+1 iqKI hY RnQn+1 qoN, mqlb PnQn qoN[ so Awpxy kol iek
K`byEN if&rYNs koSYNtW dw sIkuAYNs hY jo −∞ vl jWdw hY, qy nwl hI s`jy nUM iek if&rYNs
koSYNtW dw sIkuAYNs ijhdI ilimt hY +∞[

swrWS iv`c, AsIN kih skdy hW ik bolzwny &MkSn Φ(x), ijMvy AsIN eyQy punr auswrI
hY, dw nhIN fYrIvyitv ieMtrvl dy ientIrIAr ivc, bjwey iksI AYsy pOAYNt qy hY iek pwsyEN
iek if&rYNs koSYNts dw sIkuAYNs ijs dI ilimt hY +∞ Aqy dujy pwsyEN iek hor ijhdI
ilimt hY −∞[ ieMtrvl dy isryAW qy iek‐pwsI fYrIvyitv hn ijnhW dI kImqW hn +∞
qy −∞[ rY&lYkt kr Kby XW s`jy iek isry coN lMGdy ErfInyt ivc qy &yr AYkstYNf kr
qohwnUM iml jwau pIrIEifk &MkSn ijhdw iksI x qy ieho vqIrw hY[
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