
auNgLIAW Aqy tweIlW 

 

     QIErm Agr plyn ivc̀ igxqI dy kuJ v`K v`K poieMtW dy joVyAW dI AwpsI dUrI vD̀ qoN v`D iek hY qW AsI 
EhnW nUM ieMj ifsjoieMt Awrks nwl joV sk̀dy hW ik hr Awrk dw ivAws iek siQr AMk α qoN G`t hovy[  

  prU& 1 lE iek qrIkw α = √2 nwl ijhVw AYsI AYksIs dI vrqoN krdw hY ik hr horIzONtl XW vrtIkl 
au~qy id`qy poieMts iv`coN v`D qoN v`D iek poieMt hY[ phlW hr joVy nUM joVdo ies AYNgl nwl : inMvy poieMt qoN c`lo 
AYks AYkiss dI aus idSw iv`c ik iek n`by if`grI dw moV hux lY jWdw hY au~`pr AwpW nUM dUjy poieMt qk[ 
ieh AYNglW drimAwn ijh koeI k`t hn Eh AwpW hux ^wirj krWgy au~qyEN Q`ly vl[ ie`ko auNcweI vwly swry 
k`t iek̀o AYNgl dI horIzONtl bWh au~qy hn[ ies AYNgl dI j`ghw hux iesqymwl kro ieh auNgLIAW vwlw 
AYNgl : AYNgl dI KVI bWh nUM ENvy hI rihx dyvo pr lytI bWh dy hr k`t doAwlyEN iek CotI jyhI ieMtrvl 
htw ky Ehdy doNvy isry hux joV dyvo – dyKo ic`qr - iek Awrk nwl ijhVI au~qy jWdI Aqy k`tx vwly AYNgl dI 
nyVyEN prk`rmw krdI hoeI &yr Q`ly vwips AwauNdI hY[ Awh auNgLI eyxI nyVy hY ik ies dI auNcweI 1 qoN G`t 
hY[ dUjy AwpW iKAwl r̀KWgy ik Q`lly k`tw nUM Kwirj krx vwilAW auNgLIAW hor vI p`qlIAW hn qWkI Eh 
auqlIAW auNgLIAw ivc i&t huMdIAW hn[ swrw nvW auNgLIAW vwlw AYNgl purwny AYNgl dI horIzoNtl bWh au~qy 
auNcweI 1 dy auswry ryktYNgl AMdr hY[ so iehdw ivAws id`qy hoey nMbr √2 qoN Gt̀ hY[ kIau eI fI[         

 

   prU& 2 ieh qrIkw ikqy v`fy nMbr α = √13 nwl hI kMm krdw hY pr ies dw Apxw hI luq& hY[ AwpW 
iesqymwl krWgy iek hYkswgnl tweIilMg Bujw iek idAW tweIlW nwl Aqy AYsI ik id`qy poieMt tweIlW dy 
AMdr hn[ iek iek krky AwpW joVyAW nUM ies qrHW ifsjoieMt Awrks nwl joVWgy ik jy koeI Awrk iksy vI 
tweIl nUM imldI hY qW XW qW Eh purI dI purI aus dy AMdr hY XW i&r EhdI bwauNfrI nUM iek̀o bwr iek Bujw 
iv`c ktdI hY[ so iksy vI tweIl dy Eh swry du`jy poieMt jo ieh AwrkW ivc̀ nhIN hn hmySw bxWdy hn iek 
pwQ konYkitf sYt[ so Agr Agly joVy dy doxo poieMt ieko tweIl F dy ivc̀ hn qW EhnW nUM Awrwm nwl AwpW 
iehdy AMdr hI iek hor ifsjoieMt Awrk nwl joV skdy hW[ Agr iehnW ivc̀oN ie`ko poieMt F AMdr hY qW 
Ehdw hwxI ies tweIl dy koeI vrtYks v au~qy iensIfYNt dUjIAW do tweIlW dy ivcoN iek ivc hovygw Aqy donW 
drmIAwn lweIn sYgmYNt ies stwr(v) ivc rhygI[ ieh ies leI ik zwihr hY ik AYsI koeI vI sYgmYNt 
AglI qsvIr dI pIlI p`tI qoN bhwr nhIN jw skdI[ so Apxy poieMt dw hwxI iek AYsI tweIl G ivc hY 
ijhdI iek bWh e tweIl F idAW Cy bWhW ivcoN iek hY[ so AwpW donW poieMtW nUM iehnW idAW AwpxIAW tweIlW 



AMdr joV skdy hW - bgYr purwxIAW AwrkW nUM k`ty – ies bWh e dy ieko poieMt nwl[ AMq not kro ik 
stwr(v) dw ivAws √13  hY[ ikaU eI fI[                   

 

   prU& 3  drA`sl koeI vI α > 1 kMm krdw hY[ ieh korOl`rI hY hyTil^q nqIjy dI jo lwgU hY iek Epx 
Aqy fyns kOnfISn Q`ly[  

   (a) Agr Eh srk`l ijhnW dy joVy ivroDI poieMt hn Aqy EhnW nUM joVdy ivAws do do krky Aqy Awr pwr 
hI kt skdy hn qW ieh sYgmYNts dy swry kt̀ ieMj ^wirj kIqy jw skdy hn ik nMvIAW ifsjoieMt Awrks vI 
Awpxy isryAW nUM C`f EhnW c`krW dy AMdr hI hn Aqy sYgmYNts dy XunIAn dy A`q krIb hn[  

 

   pr ies dwAvy nUM sQwipq krxw hY kuJ tyfI KIr ijMvy ik isr& do joVyAW {P,R} Aqy {Q,S} vl gOr 
&rmOA~x nwl hI zwihr ho jWdw hY[ Agr sYgmYNts PR Aqy QS k`tdIAW hn qW ieh kt EhnW idAW 

qSqrIAW D1 Aqy D2  dy ieMtrsYkSn D1D2 dy AMdr hY Aqy {P, Q, R, S}  ivcoN zrUr iek isrw - Swied do 

XW iqn vI, pr cwroN k`dy nhIN – D1D2 dI bwauNfrI au~qy hY[ ieh ies leI ik c`qrBuj PQRS dy cwr 
AYNglW dw joV hY 360 so swry 90 qoN Gt nhIN[ AwpW k`t ^wirj krWgy AYsy isry au~qoN auNgL zrIey[ vDyry 
joVyAW leI auNglW jld qbdIl kr dyn igAW sYgmYNts nUM AwrkW ivc[ so svwl auTdw hY ik kI AwpW AYsw 
hI kuJ kr s̀kdy hW do Awrks PR Aqy  QS leI jo &yr isryAW nUM C`f D1 Aqy D2 AMdr hn? jy EhnW ivc̀ 

isr& iek Awr pwr dw kt hY qW lwzmI hY ik doAW ivcoN iek kt qoN lY ky iek isry qk swrI D1D2 AMdr 
hY[ ieh ies leI ik jy smJ lo dUjI kt dy donoN pwsy D2\D1 ivc vV jWdI hY qW Eh phlI Awrk dy iek 



isry nUM  D1\D2 nwloN Al`g kr idMdI hY[ hux AwpW iek tyfI auNglI nwl kt nUM ^wirj kr skdy hW ies qrhW 

ik nMvI dUjI Awrk vI D2 ivc hY[ jy izAwdw kt hn qW D1D2 ivc iehnW do Awrks idAW bnwieAW kuJ 
lUps vI ho skdIAW hn[ hun AwpW dusrI Awrk dw rsqw phlI Awrk nwl clw ky sB qoN phlW ieh 
swirAW lUps nUM ^wirj krWgy[ ies qoN bwd &yr Eh hI dlIl shI hY hr bcy hoey kt dy leI[ so TIk auNglW 
dI vrqoN nwl Awh kt vI kf̀y jw skdy hn Aqy AwpW do joVyAW leI hyTil^q nqIjw vI is`D kr idqw hY[ 

  (A) Agr Eh c`kr ijhnW dy joVy ivroDI poieMt hn Aqy EhnW nUM iehnW AMdr joVdIAW koeI Awrks do do 
Aqy Awr pwr hI ktdy hn qW Awrks dy swry k`t ieMj ^wirj kIqy jw skdy hn ik nMvIAW ifsjoieMt 
Awrks vI isryAW nUM C`f ieh c`krW dy AMdr hI hn Aqy id`qIAW Awrks dy XunIAn dy A`q krIb hn[  

  ieMfk̀itvlI mMn lYNdy hW ky n-1 Awrks ifsjoieMt hn Aqy phlW EhnW dy nQ lwl Awrk au~qy Eh kt 

^wirj krWgy jo iehnUM hlw ky k`fy jw skdy hn[ XWnI ik phlW Agr iksI vI DiDn ivc ieh do Awrks dy 
bnwey lUps hn qW lwl dw vwh bdl ky ieh swry gùl krWgy[ &yr Agr iksI kt qoN Awpny iek isry qk 
koeI purwnI Awrk swrI Dn ivc hY qW iek lwl auNglI iehnUM soD daU[ hun siQqI ieh hY ik bcy hr kt dy 
donoN pwsy purwnI Awrk Awpny Di\Dn ivc vV jWdI hY[ so ies kt nUM k`fx leI ies purwnI Awrk au~qy iek 
auNgl lgweI jweygI kdy ho skdw hY K`by nUM lwl Awrk dy isry L  au~qoN Aqy kdy sj̀y nMU isry R  dy au~qoN[      

  

   hr purwxI Awrk dy kt̀W leI qW kuJ durI qk swrIAW auNglw K`by nUM Aqy bwkI s`jy nUM clwieAW jw 
skdIAW sn[ pr do purwnI Awrks ivc &yr kt pYdw ho skdy hn[ pr ieh swrIAW dw XunIAx hun lwl 
Awrk qoN ifsjoieMt ho igAw hY[ so ies XunIAx dw iek guAWf AwpW eyxw Cotw ly skdy hW ik lwl Awrk 
aus ivc nhIN[ iek vwr iPr AwpW ieMfk̀itv dwvy dI vrqoN nwl ieh n-1 Awrks dy Awh nMvy nroey kts vI 
^wirj kr skdy hW ies qrhW ik nMvIAW ifsjoieMt Awrks ies Coty guAWf ivc rhn[ ikaU eI fI[              

not 

   (1) pRdriSq QIErm smyl Aqy Sub dy 1972 dy AYnlz E& mYQ ivc Cpy kMm nwl juVI hY pr iek prU& 
jo 1971 dy brklI sYmInwr ivc iehdw pyS ikqw igAw Eh gL`q sI[ ieh moky a~qy hI Q`rstn ny iek 
hrwxIjxk ic`qr vwh ky ivKw idqw! s`lIvn jo hwzr sI dy bdOlq ieh khwxI Awm ho geI A`qy 2014 ivc 
kYlIgrI dw iek blOg lyK bx geI[ khwnI qW mYN eyQoN pV leI pr iek prU& C`f id~qw ikauNik mYN ies 
mnmohk phylI dw pUrw AwnMd lYxw cWhdw sI[ &lsrUp au~qy id`qy sB prU& myry Awpxy l`By hI hn[  



   (2) ieh p`kw nhIN ik QIErm sB qoN phlW iks ny shI isD kIqI sI pr AYfvrfz au~qy Sk hY[ AYnIvy 
1971 ivc hI brweyAMt ny ies phylI nUM AmrIkx mYQ mMQlI dw svwl nMbr 5787 bxw id`qw sI[ ies 
pRSx ivc √13 dI mojUdgI sMkyq krdI hY ik EhnUM Swied myry dujy prU& dw pqw sI[ Aqy mYN hux vyKdW hW ik 
kYlIgrI dy blOg ivc C`pyAw km clwaU prU& vI hYkswgnl tweIilMg qoN hI Suru huMdw hY pr AMq kuJ hor 
h`QIAwrW dI vrqoN dy bwvjUd bhuq hI v`fw siQr AMk 42 mMgdw hY[ 

   (3) pr ieh vI sMBv hY ik brweyAMt dy √13 dw ieSwrw skvyAr tweIilMg vl sI! hW hux hr vrtYks 
au~qy iqn nhIN cwr tweIlW hn pr do do nUM joV ky AwpW bxw skdy hW iek ie`tW dI cuxweI jo idMdI hY AwpW 
nUM Awh cOQw prU& (swDwrn ie`tW dI cuxweI vI kMm krdI hY pr mMgdI hY ku`J v`fw AMk √17) :-  

 

   (4) mMQlI ny 1972 ivc CwpyAw sI isr& auNgwr dw jvwb jo myry phly prU& vrgw hY pr bhuq hI izAwdy 
SbdW ivc[ Ag̀y iek sMpwdkI not ds̀dw hY ik iesy ivDI dy kw&I hor ivsqwr nwl auNgwr ny hux isD kr 
id`qw hY ik koeI α > 1  kMm krdw hY[ pr ies dwAvy dw sbUq vI Swied phlI vwr iesy prcy ivc hI Cp 
irhw hY[ Aqy ies nqIjy nUM h`QwEx leI AwpW Eh qgVI QIErm (A) vI hwisl kr lIqI hY[ 

   (5) QIErm (A) EdoN vI shI hY jy AwpW Xukilf dI ijaumYtrI dI jgh Eh &wnwiet ryfIAs c vwlw ryKw 
gixq vrqIey – dyKo myrw cldw prcw plyn ijaumYtrI AYNf rYiltIvItI – ijs ivc kYielI ifstYNs dI vrqoN 
huMdI hY[ ieh ies leI ik hux iek poieMt qoN im`Qy ifstYNs au~qy poieMt bnWdy hn ielIps pr jInIrklI ieh 
ielIps vI Agr iek dUjy nUM ktdy hn qW do bwr Aqy Awr pwr[ Awh hI Durw sI qIjy prU& idAW sB 
dlIlW dw so ieh sB kuJ vwijb hY iksI vI mItirk leI ijhdy ‘srkl’ AYsy hn[  

   (6) dujy prU& nUM jy AwpW iek ifskrIt XW kvWtm A`K nwl vyKIey qW ieh vI ‘bYst pOsIbl’ hY! plyn 
dI auprlI kMtInIautI im`Q hY AYsI A`K leI Aqy hYkswgnl tweIilMg AnsrtYintI dw iek pYmwxw[ hr 
pwrtIkl dw hwxI XW qW ausI tweIl ivc hY XW &yr iek gvWfx ivc qy AwpW isD kr idqw hY ik EhnW dw 
ieMfIpYNfNyt ieMtrAYkSn – Eh ifsjoieMt Awrks – vI Awh do tweIlW AMdr ho skdw hY[ 

   (7) Aqy ieh prU& hU b hU lwgU hY rYlyitivsitk plyn idAW rYgUlr tweIilMgz {p,3}, p ≥ 7  au~qy ...  

    

   ky AYs srkwrIAw                                                                     29 julweI 2015 
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