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Introduction (4) We first point out in broad outline

the object of our study, and why it is worth studying.
Think of a p-covector at x €M, where ¥ is a
smooth m dimensional manifold, as a skewsymmetric and
multilinear map T, % « » « XTy (P times) Y%, R T,
being the tangent space oi“ X. We shall say that wy is
of filtration » i with respect to a subspace D =T, if
it vanishes whenever p=1i+1 of the arguments are in Dy.
Let us now suppose that M is supplied with a tangent
subbundle DeT. Then a form g will be said to be of
filtration > i if Wy is such for each x € M. Thus we
get a decreasing sequence of vector spaces
A= hpDAD e e DhPhgyq T 0y Aj being all smooth
forms of filtration > i. Here ¢ = codimension of D in T.
The deRhanm cohomolozy of M is the homology of A
under the exterior derivative diA“Aj H(a) = ker d/Im d.
Our starting point is the simple observation that D is

involutive if and only if the exterior derivative

preserves the filtration. So each A; is now a sub-

complex of A, and A is a filtered complex. On the
other hand by Probenius theorem--see, e.g. [34]--D is
Snvolutive if and only if it is tangent to a foliation;

in other words, M can be covered by coordinate

neighborhoods RypecesXgaXy queeeaXy such that locally
a/axl....,a/axl form a basis for D,. In this way I
is partitioned into l-dimensional manifolds called the
Leaves of the foliation; each leaf being a maximal
connected sub-manifold given locally by some constant
values for XypqreeeiXye

Hence to each pair (l,foliation)--i.e. to a
foliated manifold M--is attached in a natural way a

filtered complex A. OQur object is to studv this

filtered complex., We recall that by standard homo~
logical algebra, as in [7], one can attach to any
filtered complex an object called its spectral sequence.
It consists of a sequence E, of graded groups, each of
which is the homology of the preceding under a dif-
ferential di., such that E, is the graded group of 4
(under above filtration) and the final term E_--which
is attainable in a finite number of steps--is“the

graded group of H(A) (under the obvious induced filtra-
tion).

A better idea of the importance, and scope, of
such an investigation can be formed by considering the
analagous case of complex manifolds. In this case we
have a similar spectral sequence with E, = H(Ac)— ;.e.,

the complex deRham cohomology--and El is the so called
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this cohomology (see, e.g. [15]). Deep results
requiring both analytical and algebraic techniques
have been attained. For instance one has the finite-
ness theorem (i.e., if i is compact E; is finite

dimensional), the duality theorem (i.e., for "

compact EP'% = E’f/z -Pm/2-9); ang, on the algebraical
side, one can mention results involving characteristic
classes (e.g., for M compact % (—1)‘13‘;"1 = chM tdM,
ey = dim Eqs this is called the Riemann Roch theorem).
These three specimen results due-respectively-to
Cartan-Serre, Serre and Hirzebruch have in turn led to
very interesting generalizations due to Grothendieck-
Grauert, Grothendieck and Grothendieck-Atiyah-Singer
and others.

The results, concepts and constructions oc-
curring in this work should all be viewed as part of
an ongoing and extensive programme whose goal is to
build a similar body of knowledge for foliated mani=-
folds.

(B) The following is a summary of the con-
tents. y

Sections 1-5 give a rapid review of the

apparatus of our spectral sequence, following Cartan-

Eilenberg [7]. i

In sections 6-7 we show that E‘l"‘i = 1Yn

Here DP

P which are fransverse and invariant: za p form y is

called transverse if mGAP, it is called invariant if

L = O for any vector field X€c®(D). D0--or just

D--is simply the gheaf of germs of smooth furctions

which are constant on leaves. It plays an important

role in many places.

Section 8 studies complex line bundles. Let

g;: (resp. gﬁ) denote the sheaf of germs of smooth
nonzero complex valued functions (resp. those that are
constant on leaves). Now, the isomorphismclasses of
such bundles form a group under tensor product, viz.,
1 * 5 . 3

HO(M,C3) s and the sheaf inclusion ChegX gives us a

map K (1,c5) +H(1,¢3) whose image gives us the i

variant line bundles. The first chern class of a

" ; : 2
line bundle §€H (M,C) is an element c;(g) € H2(3,2).

We shall say that a chern class vanishes in D if it is

killed by the induced map H2(M,2) +H2(M,D). We ses

that the first chern class of a line bundle vanishes

in D if and only if it is invariant. For an analagous

result for analytic line bundles over a complex mani-
fold, see [15].

In sections 9, 10 we study two notions of

is the sheaf of germs of smooth forms of degres
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morphisms are those which map leaves into leaves. Two

such maps f,g:M-+MN' are called k-homotopic (k=1,2) if

they can be extended to a morphism Filix I -+ M' where

Mx I carries the k-foliation (k=1,2). Here the 1-

foliation is given by multiplying each leaf of M by I,

and the 2-foliation is the natural l-dimensional

foliation on MxI. Then we construct a k-chain

homotopy (between the induced maps f,ipA(M') 2 A(M) of

filtered complexes) by using a k-homotooy; i.e., a

chain homotopy that "disturbs" filtration by k-1
units. Thus we can think of the spectral sequence Er »
for r>k, as a functor attached to the k-homotopy ’
category (k=1,2) of foliated manifolds, by usual
homological algebra ([7]).
Sections 11, 12 involve some simple observa-
tions about the relationship of the exterior product to
the filtration. Since our filtration is of length ¢,
if a form of filtration i is multiplied by a form of
filtration j and i+j>c we get 0. Using this we see

that an_odd dimensional foliation can have

aim ¥25(4) > 2ain¥?K(y) only if sizn i = 0. Here
{71 i s
Hy(A) is the part of H(a) of filtration > ji 5} ds

the first integer after § and sign Il is the signature

of K. We shall say that a foliation obeys Serre
quality if 22'% 5 28P 172, 14 is clear that such
foliations satisfy the above inequality.

In section 13 we extend the definition of

section 8 to define invariant complex vector bundles:

Let Gy (resp GD) denote the sheaf of germs of smooth
function with values in GL(n,C) (resp. those that are
constant on leaves). Now the isomorphism classes
form only a set Hi(n,ss), and we consider the image of
H(0,6p) 2 HL(1,Gg) . [Note that with a stricter
definition of "isomorphism" Hl(1,Gy) is the set of
isomorphisn classes of all invariant bundles: this
notion shall play a role in section 19, Further it
plays a role in a natural K theory of invariant
bundles.] We show that the real chern ring of an

invariant complex vector bundle vanishes in dimensions

> 2c. Applying this result to the complexification of

the bundle D* of transverse 1-forms one gets Bott's
vanishing theorem [4]. Note that no connection theory
is used in the proof.

Corresponding to any two projection maps
Pp,PytT+T with images D and N s.t. D+ N = T, one has
a natural bigradation of A, and the differential d is

the sum of three dif?erentials dope 4490 dp.y OF
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= Kdlo(g) and

In section 1k we show that E,.

1_0_){%1“). [Following [7], this means that

}:‘.1,}'32 are the first 2 terms of the spectral sequence of

the double complex (A.dgysdjo)d The complex of sheaves
p Spt S ... $0°40 (wnich is in fact exact) has 2
standard spectral sequences; Sec, €&« [35]. Using
the notations of [35], the E, term of the "second®
spectral sequence is same as E, of our spectral
sequence. This is shown in section 15. We see from

these that if the foliation arises from a fibration the

term is the same as that in Serre's spectral seguence

2z
of a fivering [317.

Section 16 covers the functional analysis that

is relevant to finiteness theorems. We put on A the

usual Frechet space topology. S0 it induces on each E.

a topological vector space topology. We recall the

usual definition of a smoothing map (= integral opera-

tor) sip-+A. Any K-chain homotopy between 1 and s will

be called a k-parametrix (of d). We show, under some

additional conditions, that on a compact foliated

that on a compact 1ollated

manifold, the existence of a k-parametrix implies that

E, is finite dimensional. This result is the reason

By ds finite CIMeNnSIONAS:

why we shall be interested in k-parametrices. We also

point out in this section that if dim E. = e, <, then

S o]
x(M) = 3 (-1)9*%?"1. Here x(M) is the Euler

characteristic of M.

In section 17 we construct, by modifying
techniques given in [11], a 2-parametrix in.the Tol-
lowing special cases assume that there exists a

assume that there exists a

continuous uniformly transitive map FiR!

3 CT() , with
F(0) = 1, then there exists a 2 parametrix.

Here

CT(M,M) consists of all smooth maps M -5 which map
leaves into leaves; it is given the usual ¢
topology. By uniformly transitive we mean that there
is a neighborhood U of 0¢ R™ which, for all x ¢,
gives us a diffeomorphism Fy of U onto a neighborhood
of x by Fu(n) = F(n)(x). We point out that this

hypothesis is fulfilled if a comvact foliatad mani

1d
M has a global parallelism by vector fields which are

infinitesimal transformations of the foliate structure.

Section 18 records some tid-bits which may be
of value. E.g., we point out that an obvious extension
of a "patching argument" of [11] allows us to show that

if the foliation arises from a fibration then there is

2 2-varametrix. Again, now let's suppose that i is

oriented. If the differentials dgsdyse. OF the





[image: image6.jpg]]

spectral sequence are assumed to be topological homo-
morphisms then the foliation obeys Serré's duality.
This hypothesis is satisfied if dim E; <. Hence odd
dimensional foliations with dim E <o exist only if

signature (M) = 0. We shall also recall in this

article an example which shows that for almost all

irrational flows on the torus dim E) <w. But there
exist irrational flows for which this is no longer
true.

Section 19 studies the inter-relationships

between reduction of the structure sheaf of a bundle--

see [12a] and sections 8,13 above--and gonnection
theory. 1In section 19a we think of a connection on a
real vector bundle W over M as a derivation of A(W),
31A(W) »A(W), lying above d (p.76). Here A(W) are
forms on M with coefficients in W. Now the "structure
sheaf" of W consists of the smooth germs with values
in GL(w), w=din W. Again, as in sections 8,13, W
will be called an invariant vector bundle if this sheaf
(}I..(w)S can be reduced to GL(W)D, the subsheaf of
germs constant on leaves. We put a bigradiation in
the manner of section 14 now and thus 3 splits up
into three derivations 30113107%2-1+ Then W is

invariant if and only if one has a connection for

which 32, = 0. Such a connection will be called a
Bott connection. Note that one can now define El(v.’},
the homology of A(W) under ay;. Also if W2 is the
natural w® dimensional bundle associated to W, (p.$i),
we can define the group E,(#2). For each

g ¢ u'(1,6L(w)}) we shall also define the notions

~Bott connection (resp. E-invariant connection) by

requiring that the local connection matrices of 1-
forms (with respect to trivializations of W agreeing
with €) consist of transverse (resp. transverse
invariant) 1-forms. Any vector bundle W associated
to € admits a §-Bott connection, but it need not admit
an g-invariant connection. Note that our definition
of Bott connection merely says that the curvature form
(which is a 2 form with coeffs in ‘.‘1'2) is of filtration
> 1. If we satisfy "filtration > 2" we shall say that
it is an invariant connection. Finally, we call a
bundle which admits an g-invariant connection as a
stiff bundle. Starting with any Bott connection one
can define an element [a;,,] of £'}(#%) by using the
part of the curvature which is of bidegree 1,1. In

complete analogy with Atiyah [1] it will be seen that

W is stiff if and only if “’1 1.

Section 19B is devoted to examining the Weil
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Let G be a lie group. (For simplicity we think of G
as a matrix group.) By a G-alszebra we meana graded
anticommutative algebra (over some commutative ring)
which is provided with (a) a differential d, (b) for
each left invariant vector field x on G a skew
derivation i, of degree -1 and (¢) a derivation Ly of
degree zero such that 12 =.0, Ix,v] = Dol
i[x,y] = [LX,LY]. id + diy = Ly. For example the
Weil Aleebdra W(G) of G is a G-algebra--see [6]. An-
other example arises from A(P), the deRham complex of
a principal G-bundle P over M. In this case each
left invariant vector field X gives us inanatural
way a vector field--also called X--along the fibres
and ix,Lx are defined to be the usual inner product

and Lie differentiation respectively. We can define

a connection to be a G-algebra morphism of W(G) into

some other algebra. There always exist such morphisms
W(G) »A(P)s this definition is known to be same as

for section 19A for G = GL(w). P inherits from M a
codimension ¢ foliation: so A(P) is a filtered com-
plex. W(G) is also a filtered complex if we set

W;(G) as all those terms containing polynomials of
degree > 2is this is called the 1-filtration of W(G)s
when we are considering W(G) with this filtration we'll

write (1) #(G). Then we will see that A princival G-

bundle is invariant and only if there is a connection

(1) w(e) 54(p) vreserving the filtrations. OF course

"invariant" means, as before, that we can reduce the
structure sheaf Gy %o Gy. [This result is simply the
dual of the first in the above paragraph: in this new
setting these are the Bott Connecticns.] For each §

€ (1,0, ~-i.e., each "invariance isomorphisa class®
g--one has a family of £-Bott connections £(g):(1)W(G) »
A(P) which are associated to g [They arise in the proof
of above proposition]. We show that any 2 such con-
nections £(g), g(g) are 1-homotopic (in the sense of

section 9). Thus to each € ¢ HM(n &y

asgociated a 1-homotooy class [£(£)7:(1)W(G) »4(P) of

Bott connections. This implies that, for r > 1, the
induced maps (1)Er(5) ~Er(P) depend only on £: we can
denote it by §. Then dualising a result of section 194

We can state that, an invariant bundle & € HM(3,G.) is

SEALE 377 the mad Eu(1)ELM(6) 9E]' (R) is zero. we

now define the 2-filtration of W(G) by putting
(25 4 = (2)W,; = (1)W;. Then we can deduce thaty

A principle G-bundle is stiff if and only if we have a

£ £ v . .
connection (2)W(G) =»(P) preserving the filtration,

[These are what were in section 19i the invariant
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in which the curvature is of filtration > 1, while an

invariant connection is one in which it is of filtration
> 2]}. For each E€H (M,GD) one has a family of &=
{nvariant connections £(g). We show that any 2 of them

1
are 2-homotopic (section 9). Thus to each 8¢ H (M.Gp)

there is associated a 2-homotopy class f£(8)1s(2)W(8)

o A(P)_of invariant connections. In particular, for

©» 2, the induced map (2)E,(G) +E,(P) depends only on
€ we can denote it by E. Note that for a point
i i iable struc-
foliation, Gy = Gg, and for each differentiabl
ture ¢ ¢ H1(1,Gg), ome has the well-known map
5, 50 = K (i 4 the Chern-Weil
(2)E5%(6) 2> E5*°(Py) = H*(11,R) calle
homomorphismi here Py means P consmer;d with the
foliation arising from the fibration P ~>il.
In section 20 we study some aspects of linear
con hs that are relevant to our study--and find

use in section 21--we follow standard terminology, as

in [17]. A linear connection is any connection on the
principal tangent bundle (and so on its associated
vector bundles, T, T* etc.). Given any pair (M,D).,
i.e., a{manifold, plane field) one says that a linear

connection is a Walker Connection--see [37], [38]--11’

it is torsionless and reducible 4o D* (i.e., keeps the

plane field D parallel). Then 2 walker connection

exists if and only if D is involutive.

th section 19

in mind it is natural to say that a linear connection

which reduces to D* (an invariant bundle) is a Bott

it restricts to such a connection on D*.

Every Walker connection is a Bott connsction. This

section points out that foliated manifolds may be

studied in the context of torsionless G-structure

however I have not pursued this aspect in this work.

Section 21 is occupied with constructing 2-

parametrices (see section 17 above) for foliated
principal bundles. Special hypotheses are needed for
these constructions. E.g., the hypothesis made in
section 21a is that--in the terminology of section 20--
the foliation arises from a torsionless €(1.m)-struc-

ture. Here g(l,m) is the Lie algebra of all

m

endomorphisms of 8% with image in RY. Let q denote

the principal bundle of compatible frames, provided
with the natural codimension ¢ foliation. Then we

employ the canonical varallelism of Q by such a

torsionless connection (assumed complete) to construct

a 2 parametrix on Q a la section 17. In section 21b

we assume that D* is Stiffs: then we can have a Walker

connection whose restriction to D* is an invariant





[image: image9.jpg]connection (i.e., filtration of curvature > 2: see
section 19¢ a linear connection with the latter
property can be called an invariant connection. Let P
denote the principal bundle of tangent frames compatible
with the foliate structure. Then we employ the

canonical parallelism of P by such an invariant tor=

sionless connection (assumed complete) to construct a

2-parametrix for P, In this result P is not foliated
in w dimension c. Instead we show that there is always

a natural 1+ 1lm dimensional foliation of P sittinz above

the foliation of M. This is the foliation that occurs
in the above result. In section 21c we use averaging
process (over a Haar measure) to get a 2-parametrix
for the subcomplex g Of forms which are right
invariant over G.
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We shall denote its tangent bundle by T. The dual
cotangent bundle is T*. By p-forms we shall understand
smooth sections of A\PT*, the bundle of p-covectors; the
space of all p forms is denoted by AP, and the space
of all forms by A. Let us now assume given, once and
for all, a subbundle D=T of fibre dimension 1 and
codimension c; so 1+¢ = m. We now define a filtration
of A,

AD A 2A, 2 e 2420 (1)
in the following way: we think of a p-form p as a
multi-linear skewsymmetric form on p tangent vector
fields, w(Xysee«iXp), which commutes with the action of
C¥(M), Leews w(Xgaueesfypann ,xp) = f(,,(xl.....,xP) «
The values of this form are in C®(H). We now say that
AD consists of all those p-forms which vanish at x €M

whenever p-1i+1 of the vector fields Xl,Xz,.. X,

P
lie in D at x. If i > c+1 it is seen that AE = 0.

We shall understand by Ay the space of forms lying in
/ﬂi’ for some ps If i 20, Ay =A and if 1 > c+1, 4;=0.
Another way of looking at this filtration is this. We
have an iscmorphism APT* = (\PD)*; at x e, an elt..

in the latter bundle is a linear map )‘Prx +R. By

putting the requirement that this linear map vanish

17

on "1 A ees A vp whenever p-i+ 1 of the vectors are
in D we get a subbundle APT*. The space of all
sections of this subbundle is al. We also have the
bundle »;T% formed from the whitney sum@ abet.

The space of all sections of this is Aye

2. Now we assume that the subbundle D is involutive,
i.e., if two tangent vector fields X and Y take their
values in D so does their Lie bracket [X,Y]. In the
real vector space A we have the exterior derivative,
dip~+A which is given by the following formula (thinking
of forms as skewsymmetric multilinear maps C™(T) X «..

x C®(T) + C(M) as above explained).

(40) (XgoXpoweenX) = 2o (=) 283 (0(Kg 0 enevR)beeenx)

+ O([Xy oX:J0Xgreee
- [x50%504%0s

— TXPPRY STRRRE Sh{C)

J

Though the notion of d goes back at least tc E. Cartan,
the intrinsic definition (2) was given first by
Palaisg [22].

Propogition 1. D is involutive if and only if
the filtration (1) commutes with the endomorphism d,
i.e., d(Ai) < a4 for all S
Proofs If D is involutive we easily see that if
(r+1)=1+1 Of the Vectors Xy,X;,-»+,X. are in D then

r=i+1 of the vectors XpssessXyseeesXy and
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see that if wea] then aj € AL*! by using formula (2).
Conversely let's simply suppose that d(/&) < Af and
take any weal. It is a 1-form which vanishes on D.
Using formula (2) we have

(@) (x,1) = Hx(o(®)) - ¥(o)) - o(fx.xD}
Pick X and Y to be two tangent vector fields with
values in D. So this becomes simply

(dw) (X,¥) = -3o([X,Y])

But dw € A%, So it vanishes if both vectors are in D.
Hence we get w([X,Y]) = 0; this being true for all 1-
forms ® vanishing on D. It implies that [X,Y] itself

takes its values in D, i.e., D is involutive. QED

3. From now on we shall suppose that D is involutive,
i.e., that the filtration (1) commutes with the endo-

morphism d. This is the setting in which & homological

algebra can be used to obtain information about H(A); an

algebraical machinery called the spectral sequence is
available which allows us to obtain information about
H(A) from the fact that the filtration commutes with
d, i.e., from involutivity of D. The following

definitions are adapted from Cartan and Eilenberg [7],

henceforth abbreviated as CE.

In the follewing H will denote the homologies
induced by d. In some other differential § enters the
picture we will use the notation Hé( ). Also in the
following we'll frequently use the triangle lemma
(CE, p. 316) which says that if (in the figure shown),

‘the bottom row is exact then EJW =Ing.

c
7 oMy
A' —» A A"
o' n

Since our filtration is compatible with d, we
have an induced filtration :
H(A) = Hj(A) = oo 2 H () 20 (3)

0f the homology of A, where Hi(A) =1In {H(Ai) +H(A) 3,

the homorphism inside the bracket being induced by the

inclusion Ay ©A. The 2 filtrations (1) and (3) give

rise to the associated quotients Eé = and

=
141
5 Hi)
Ej = W. And furthermore for each r » 1 we put

e {#(z2) - 1)}
T () ()}

i+]
where the 2 morphisms are the connecting homomorphi;ms

in the exact homology Ssequences arising from the exact
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respectively

Aieg

The numerator and denominator in (4) shall be denoted
2} and 3% respectively. One notes that Bli‘z < ziz for
any .3 that the spaces B, are increasing with

r while the spaces z; are decreasing withr . If r
is bigger than or equal to either of the two numbers
141 and c-i+l (or briefly, if r is big) then these 2

spaces stabilize and (4) reads
As
1 {H(ay) + H(E
g )}

m () » )}

A
(To see this read numerator of (4) as In {(f

)

ir
A )}s take r big now). Since 0 +p- - 4
H HQAi«ri ; ’ AT Ay

4 —b— 4 0 is exact, this coincides with
Aspa

In {i(ny) » #(zA=) This in turn coincides with
X 1+l

In {H(a;) ~ H(A)]

i.e., EX. So we see that if r is
o (H(hg,,) “H(A)) * ' e

21

big E, = E_. This property is called the conversence
of the spectral sequence.
In addition our vector space A is graded by the

degree of forms. And we have an induced filtration

#P(4) = #(4) 2 .o 5 H2(4) > 0 (39
for each p, where HP(A) = Im {HP(a;) +HP(a) 3.
Similarly for each p we have the filtration

Po4la il 0 ()

Associated to these 2 _sets of fibrations are the

fypei A Lp=1 P
quotients 53'P7L = —2- ana g1ePl H) | ang
A ]
14l Hipg(a)

for each r » 1 we have

Pl « #EL)}

b i+l

i,p-i _
E; =

Once more, we point out that the vector spaces Eﬁ"l

owe their existence to the involutivity of D,

4. One knows from deRham's theorem that H(p) is just
H*(M,R), the real cohomology of the manifold, which is
a topological invariant. We see thus that

Bua s @ il (5
1+ J=p &

The whole idea of the spectral sequence is to find the
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interplay between 5, and E, for low r. For this pur-
pose more algebra is introduced. As explained below,
in each ¥, a differential 4, of degree r is introduced
(i.e., a2 = 0 and dr(Ei)cai"r) and it is shown that
H(E) = E,,,» Nany times this statement itself--quite
independent of the nature of the differentials d --
suffices to calculate some of the groups entering into
the spectral sequence. For example, let us consider
Reeb's [25] foriation of 53, when £5'J can be non-zero

<1 and 0gj<2. From (5) we see that

only if 0<
£90 = 142 _ 2 and the other £i'J = 0. Supposing we
M =B =

nave seen that £°° = R (Section (6) below). Then
e - 51+ nust be the null map and we must have

1,0 _
£y = 0.

5. To wind up the algebraic machinery of the spectral
sequence we recall the definition of d,.. For this one

sees, using the exactness of

2;4-1 In {H(A )+ ® )} .

i+rel 1+l
coincides with

+ H a similar
) \A1+r+1 argument

{2 )} vstes 2

this in turn coincides with ot Hence these two

r

spaces are isomorphic (With r, z; decreases as fast as -

i+r o -
By increases). The differential d. is defined as the

following composition

P | e
ol i =B o gBE
LR e BT = S (6)
f r+l 5 -3

¢ i N i
As we saw in 3) for r big 2n= 3 so then this is

“+l

a zero endomorphism. IL is clear from (6) that

i, gt
xer (a,z8 » 357} 15 ?1 and am 27 % g1} 1o

¢ o

6

Bray H - 5 g

B—-—; « Hence we see that ker dr < In d.» that is to say
i ker d BN

a2 = 0. Dividing kS i

i Dividing we see that o cavels =L e,

T+l

i . .
El,i+ This shows that Hdr(Er) equals E -

6. We shall now evaluate the Ey tern of the spectral
sequence., For this purpose we introduce the notion
of invariant transverse forms. Given any subbundle
D of T, the tangent bundle, a form wé& A os called
transverse if 1,0 = 0 for any X€D. Fere i, is the

interior product (see eqn. (13) below). 4 form is
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D is involutive, we can (by Frobenius Theorem) find
local coordinates XyaRpaeeaXy XypqaeeerXy such that
the leaves are given by assigning some constant values
to the last c of these. In terms of these local
coordinates an invariant transverse p form will appear

as § f_(x. sesesX )X A dX_ A .o A dx ~ where
e ol LA ay Y

l+lga; £ eee Sap S M " One notes that the coeffs.
£, are constant on each leaf, ihen we change
coordinates to another compatible system of same type
the transformation matrix thus consists of functions
which are constant on leaves.

Now we define D¥ to be the vector space of all
invariant transverse r-forms. The corresponding sheaf
of germs of such focus will be denoted by D'+ In
particular 00, or just D, is the sheaf of germs of
functions which are smooth and constant on leaves. As
usual if a sheaf S sits over our manifold M, H*(M,S)
shall denote the Eech cohomology of M with coefficients
in the sheaf S.

We remark in passing that the transverse

invariant forms are those which remain parallel aldng

leaves with respect to any Bott connection on the

bundle of transverse forms (see defn. of Bott connec-
tions in section 19). Also we will notice as we
Pproceed further that functions which are constant on
leaves play a part as important for foliated manifolds
as that of analytic functions in complex ranifolds.

The following proposition gives the first
term of the spectral sequence.

Proposition 2. EP'® is isomorphic to ¥3(i,pP).
The next section deals with the proof of this proposi-
tion. Note that the Reeb foliation of S and more
generally the foliations of 5°% given by Lawson [20],
Tamura [36] are such that any global smooth function
which is constant on leaves is simply a constant. In
other words 970 = H0(,D) = 3 for such foliations.
Note that by 'thickeninz® the compact leaves one can
destroy this property.
Z. Proof of Proposition 2: We recall that P’
=§3.Wenowot £ E2e 4 .

Ag? construct a sheaf 2% in the following
way.. We take the presheaf which assigns to each open
set U of i the vector space Eg'q(u) « IS U <V we have
natural restriction maps ATF(v) » Ag*‘l(u) which yield
homomorphisms EF'Y(V) - 25wy Z8'Y is taken to be




[image: image15.jpg]the sheaf ‘detemined by this presheaf. If U has local
coordinates, XpaXpueeesRgaYyaeees¥, We may represent
the stalk at x by expressions of the type

wu.E(x.y)dxul A ves A dx(x A dyai A ses A dysp. It

q

is understood that for the multi-indices a and g we

have oy < ... <@ and By < .0 < Bp. In this local

9
representation the zeroth differential

4g1ER*U(v) + EEFLr(U) is given By

A {0 (x,y)dx, A eeu Adx, AdYy, A oo Ady, ]}
0t %,p @, ay (R By
130 o (x0y) '
= P B ax Adxg A.eeAdx nax,
k=1 %%k 1 a4 1
aendx, (7
By

And so we also have a parallel sheaf homomorphism
41E2*e +£DF119. Using this we construct the fol-
lowing sequence )

0P el? 3955'159 cen 2EDTP 40 ®)
Note that £2'0 is simply the sheaf of germs of smooth
p-forms which vanish where one of the vectors is in D.
This explains the first inclusion. We prove now that
this sequence (8) is exact. An element of DP is given

locally by sum of terms of the type ms(y)dye Ao
it

A dya . It is clear that do will kill it. Conversely
P
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an element of #2'% is sun of terns of the type
©,(x,y)dy, A...Ady, and it is clear from (7) that
(] 8y B,

do will kill such a sum only if each ma is a function
of y alone. This shows exactness at first place.
Since dg is zero in U by (7), to show exactness at
other places, we assume that

dnl T, o(x,¥)d%X, AeeoAdx Ady, A...Ady, =0
0% 20t Y Ty g~ Vg §p3

which can happen only if

a

d, ses A QL
O{E mc,”a(x,y)dxle A Adx .

for each multi-index B. Using Poincare's lemma for

each y one can find a q-1 form 3 8, {(X,¥)dX,, A «ee
T YR Yy

A dx, such that
Yg-1
d {2 8, (X,¥)dx_ A eesAdX 3
Oy, YaB R Sy Yq-1
= E wa,ﬁ(x.y)dxalz\ I\dxaq . 5 (9)

The construction of these functions °y.e(x’Y) --see,
e.g., Sternberg [34]--only involves integrating the
smooth functions ma's(x,y) and their derivatives over
X. So these functions can be chosen to be smooth in

both x and y. Since we have
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= uz'sma,a(x,y)dx“l/\ ves Adxuq/\dxBl Aves /\dxBp
by using (9) and (7) it follows that the sheaf sequence
(8) is exact. Note that £2'% arises also as the sheaf
of ge‘ms of smooth cross-sections of a vector bundle.
So it is fine, i.e., any local cross-section of &P'd
can be extended globally. Again for the same reason
the space of smooth sections of}fg'q is precisely Eg-‘i.
These two facts, the fine sheaf resolution (8), and
standard sheaf theory--see e.g., Hirzebruch--now imply
that the cech cohomology H3(M,DF) coincides with the
homology of the complex

50 Yo, B+t Yo, %% 4 ... 4 ERP7P, which s

precisely E; . QED

8. We shall now show how the chern classes of certain
1line bundles vanish in H2(M,D). In a subsequent
section this leads to a generalized Bott vanishing
theorem. We have to introduce some notations. ife
denote by QS the sheaf over I of smooth complex valued
function germs; and by _(_:_D the subsheaf made up of

those germs which are constant on leaves. Similarly

¢} and ¢} denote the (multiplicative) sheaves of
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non-zero complex smooth germs and those which are
constant on leaves. We have now the two exact sheaf

sequences

e2mi( )
0226 %5 ‘g0
(10)

2mi( )
and  0+2-Cy % 5 Cf

-0

where the first maps denote inclusions of the constant
sheaf Z. Note also that only the sheaf G5 is fine in
(10). Elements of xi(m,gg) are called (equivalence
classes of) smooth complex line bundles. See
Hirzebruch [15] for the motivation for this

terminology. By invariant line bundles we shall under-

stand those lying in Im {Hl(m,g;) + HY(3,C%) ) where

(ol
the morphism is induced by the inclusion Cj = CR . The
f£irst chern class ¢y (5) is defined for each line
bundle gl (M,C}) as an element of H2(M,2) in the
following way. The first of the sequences (10) gives
us a long exact cohomology sequence, some of whese
terms are

o mtngg) » H,EY) -+ ER0n2) -+ 1E0ne) -
The two groups at the ends are zero, as the sheaf Qs

is fine. The connecting isomorphism in the center is

called 01(')' If S is any sheaf containing 2, by the
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first chern class in §, we will understand the composi-
tion of the above morphism with the map HZ(M,2) ~H2(M,8)
induced by the inclusion 2 -+S. For example to get real
chern class one takes S = R.

Proposition 3. The first chern class of an
invariant complex line bundle vanishes in D.

Proof: We look at the following diagrams

o) ) g » o
Ly = " A5 (11)

Hl(m.gg) E_, Hz(m,;) - HZ(M,QD)
where § is the connecting homomorphism in the exact
sequence induced by the second sequence in (10). The
unnamed maps arise from inclusion. This diagram
obviously commutes. The bottom row is zero due to
exactness, So the proposition is proved if we can see
that H2(M,D) - HZ(M,QD) is a monomorphism. Take a
sufficiently small open cover U of M. Suppose that
we have a l-cochain g, Ui“ U ﬁj C, on it whose co=-

J

boundary is h, Uy 0 U5 0 Uy h_i_’a'k R, where g5 by gy

are smooth and constant on leaves. So we have

3

have hijk = Regij + Regjk + Regyi, showing that the

cochain Reg, Uj N Uj Regij R also has h as coboundary.
QED

h‘jk = gij * gjk * By Since hijk is real we also
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We can complement the above proposition by
including the converse statement, which follows
immediately from the exactness of Pottom row in (11).

Proposi

ion 4. The first chern class of a
smooth complex line bundle vanishes in D if and only
if it is invariant.

In this form this proposition should be
compared with a theorem of Lefschetz, Hodge, Kodaira,
Spencer and Dolbeault--Thm. 15.9.1. in Hirzebruche-
which characterizes complex analytic line bundles over
a complex manifold,

We have, as in (5), that #2(i,8) = 50r2
+ B8 4 520, 10 tnis decomposition, proposition 3
implies that the first real chern class of an invariant
line bundle does not lie in £0'2. Equivalently if one

looks at the diagram

2
woneh) Hu) - )
HY(A)
} wo# in

e()
wong) 57 ) » 2o - 2o 22?1

: ; 2
where the inclusion i results since 5002 = E(4) 45
Hi(4)
0,2 5
gotten from El by successively taking the kernel -
under the differentials dl’dz’dj"" of section 55 then

proposition 3 shows that the bottom row evaluates to
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zero. The commutavity of the rectangle thus shows

j g he
that if € is invariant c1(§) projects to zero under %
() » 2L, 1o other words ey (8) € (a)
natural map Xf(A)
5 . sanE
We record this as a Corollary S. If g is invariani
¢#2(a). So it can be represented by a closed
01(5) i t is also true
onverse statement is .
form €Aye The ¢ ) .
We remark that the rectangle in (12) cor
i 2(n) 2002 in
for the following reasons the map H(a 1
this rectangle arises from the projection map

i lutions
2 complexes provide reso
(A,d) - (f;-.do). These P \
of the two sheaves R and D which commute with the

inclusion R + D

2 ST e

R Sd S

Ss ok 8 B
s 2

9. 1In this section the question of homotopy invariance
of the spectral sequence shall be posed and solved.
LI ap between two
Suppose that My Sy 1s a smooth map . .
- i leaves into leaves »
foliated manifolds which takes 1 : ! :
to be precise is such that the induced map 2> Ty
i has another induced -
satisfies £(D,) = D,. One now :
map A. E;A which is a vector space homomorphism
] a

E y .
presenting the filtrations. Thus we have induce

hemomorphisn 5, _I;Er.a + commuting with the aje.
ferentials dx‘ (see Cartan and Eilenverg). Suppose we
have two homemorphisms f,g;,,n * A, and we can find a
chain homotopy between them, Sipy » Ay such that

938 + 84y, = & - g, then the two induced maps

f,gx}i(,sb) - H(Aa) are identical., Ang the induced
maps f'g'Er,i; - Er,a are the same if r ig big enough
(section 3)e Let us ROW put on the chain homotopy the
additional requirement that S(Ai,b) < Ai-i{,a for all i,
i.e., that the homotopy disturbs the filtration by at
most X units, then one can see from CE, p. 321, that
for r > k, the 2 induced maps f’g’F‘r,b -+ Er,a are
identical,

Now the product Ma X1 can be foliateg in two
natural ways. we'll Say that it is 1-foliateq ir its
leaves are gotten by multiplying the leaves of Ma by 1.
And, we'll say that it is 2-foliated if its leaves are
Justs  (leaf of Mas {t}). S0 in the first case the
codimension isg unchanged, while in the second cage
the dimension is unchanged.

. We say that 2 maps f.gxMa » My, which map leaves
into leaves are k-homotopic (k = 1,2) if we can find a
smooth map S;Maxl = My, which takes the k-leaves into
leaves, with Sg = f and S; =&





[image: image19.jpg]Provosition 6. If f,g:l, - if, are k-nomotopic
(in the above sense) one can find a chain homotopy for
which S(Ai,a) S Ajogel,pt (Such an s is called a
E-chain homotony) (k = 1,2).

As pointed out above this will have the fol-
lowing consequence.
Corollary 7.

invariant from the E, term onwards (k = 1,2).,

The spectral sequence is a k-homotopy

One recalls that the spectral sequence of a
fibering is stable from the Ez term on. The notion of
Tibre homotopy coincides with the ‘notion of 2-
homotopy which has been introduced above. The next
section deals with the proof of proposition 6. It
involves a construction which will be helpful subse-

quently in building up a parametrix for d.

10. Proof of proposition 6: Given a vector field X
on the manifold, one has a skew-derivation g v A
of degree -1 called the interior product with respect
to X. We recall--Kobayashi and Nomizu £17], p. 35~
that if y is an r-form the definition of ix is

(13)

The property of the interior product needed to construct

(L) (Yaeenn ) = 20X, Y0¥, )

a chain homotopy is

L= di, + id (14)

Now turning to the two given maps f,gx{-ﬁa &y anﬁ their
homotopy S:Ma xI -+ Mb we have the induced morphisms
f,gmb < A, and Sihy - A(Max I) each preserving the
filtration. Let us now take the vector field to be
the 1ift of the standard vector field 3z on I X is a
vector field in My xI. Let us define the morphism
A(Max 1) l—}; A(HBX I) by the formula (13). From this
formula, and the fact that ji, xI carries the k-
foliation it follows that this map disturbs filtration
by k-1 units only. Now we define one more homomorphism
A(MaXI) - A(ME) in the following way. Let itx

; s
Then Jo(ltu)dt.

My & My xI by the map x » (x,t).

Pinally we define a chain homotopy SiA = A4 to be the

following composition
9 1
Ap S a0, xD) ZF a1, x1) 20 AG,) (15)
It is clear that this map disturbs the filtration by
k-1 units, and is of degree -1, The formula
ds + sd = g - £ follows by integrating (14):
- 1 _ g 1
ds +sa = d_féixs + foixsd = ‘Ed;xs * Jfo-xus

as d commutes with the induced map S and with J'l
)

which was defined by the induced maps if. So

ds+sd= ["LS=8 -S,=g-7%
0 X ;5 [

I o R T L — s 7

g

T e

36
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11. We now study the behaviour of the exterior product
with respect to our filtration. Let us suppose that
msAf and au%. Then the p + q form ¢ A ¢ is defined
by

(A o)(xl,xz,xj,....xw )

q

= (——)—P_,é T %e(n)w(xn(l).---.xﬂp))

(X (16)

m(p1)** "’xrr<1pfq))

where m is a permutation of the set {1,2,...,p+q} and
e(m) denotes the parity of the same. Now suppose that

P+Q-i-§+1 Of the VeoTOrs X;,Xy,..e,Xp, . lie in D.

This implies that whenever < p-i of the x}:etors
X"(l) ""‘xn(p) are in D, » ¢ - j+1 of the vectors
xﬁ(wl).....xﬂ(mq) are in D. Hence one of the two
factors in each term of (16) is always zero. Thus
wWAGE AI;:%. The product above defined is related to
the exterior derivative in the following well known
way

o Ao) =doro+ (-1)P Adr )

This fact is expressed by saying that d is a skew

derivation. From this fact it follows that a product,
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the ‘cup' product, is induced in H(A); this product
obeys the well known anticommutavity rule

If aeiP(a), beHY(n), then abe HP*(y)

and ab = (-1)Ppa (18)

Propos

n 8., If a€ Hi(a) and bsxj(A),
then abe Hi+j(A)‘ In particular, if i+ j>e¢, the
codimension of the foliation,‘ ab = 0.
Proof: Immediately follows from definitions.
a€H; () means a€In {H(A) » H(A)} and so a can be
represented by a closed form 0y € A5+ Similarly we
have another closed form “’be“‘j which represents b.
S0 ab is represented by the closed form Wg A wys which
by above discussion lies in Ai*‘j' It represents aiso
a homology class in H(Aj, 4) which is mapped to ab under
the inclusion Ai+j + A i.e., abe Hi-i-j(A) QED
This proposition puts stronz conditions on the
ring structure of E*(M,R); these will give "vanishing
theorems” (see below). Note that we have thus a
multiplication induced in the E_ term of the spectral

H; (4)
3 .
sequences If g € E_ = has a representative
® 7 Hy @

a € Hy(h) anzl )similarly be Hj(A) represents
H (A i .
per) = —Ll—(Ty s then af € E2*J is represented by

abe;

tives is irrelevant. We shall denote this induced

(A)« It is clear that the coice of representa=
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product in E_ by ¢ A B also. Note that one may very
well have non-zero elts. a&b in H;(a) and HJ(A)
with ab # 0 and still have a A § = O rorE ?b could

ir§
o

lie in hi+j+1

(4) and we have E,
But if i+ j>¢, one can conclude that ab = 0 if
aAB=01inE_ . Inan entirely analogous fashion -
the exterior product in A induces a product in Eqy
which pairs B} and Eg to Eé+j. The equation (7) leads
to the equation dylw A 0) = dgw A 0 + (-1)Fw A dym
for (.16123'?'1 and erg'q*j. We have y A ¢ lying in
Bit3P 9120, jonce this proquct'in turn will induce &
product in the homology of Ey, viz., E, and the dif-
ferential 4, will be a skew derivation with respect to
+this induced product. The above remark holds at every
stage: if i+ j>c¢ then vanishing in Er+1 implies

vanishing in Er'

12. As a first example of exploiting the above pro-
position, we shall study the signature of a foliated
Lk dimensional oriented manifold M. We recall the
definition of the signature. The cup product provides
us with a bilinear symmetric (by (18)) quadratic form

on the vector space HZK(M,E) obtained by evaluating

the product of any 2 classes in HZK(M,Q) on the

&0

orienting bk-cycle of the manifold. So if we denote
this form by F, F(x,y) = xy[M]. The signature of ®
is called sign M and is a topological invariant.
‘Proposition 9. If c is odd, and dim KX (4)
> % aim #2%(4), then sign M = O. &2

Proofs Here [g—-} denotes the Tirst integer after %.

We define the cone of F as the subset of HZE(i,R)
given by the condition F(x,x) = 0. It shall be

denoted by y(F). Let us denote by p and g respectively
the number of positive and negative values when F is
reduced--by changing bases--to a diagonal form. It is
well-known that that p and q are independent of the
reduction process. And p-gq = sign M. By Poincare
duality we have p+q = dim H°(4), as F is a non-
singular quadratic form. Now we notice, by using

Proposition 5, that KX () = y(P). And therefore,

2
since it is well known, that either of the 2 nos. Py Q@

is at least equal to the maximal dimension of subspace

in y(F), we get the two inequalities p > dim Ho: and
Z

2K 5 % g

o Using the given hypothesis it follows

5 .

k 2K, So it rollows

q > dim H’

that p > # dim H°X and q » & din ¥

that p = q = % dim K°¥ and signli = 0 QED
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Some foliations obey a type of duality which
resembles that observed by Serre [30] in complex mani-
folds. We'll call this Serre duality. It states that
B2 = 52710, yging this and (5) we see that the
hypothesis of proposition 6 are satisfied.

Corollary 10, A 4k dimensional oriented manifold
admits a foliation with odd codimension which satisfies
Sérre duality, only if the signature vanishes.

It is known that fibered manifolds in which
the fundamental group of the base space acts trivially
on the cohomology groups of the fibre obey Serre
duality. (See [8].) Serre duality undoubtedly holds
in other instances; but the work in this regard is as

yet unfinished.

13. 1In this section we state and prove a generalized
Bott vanishing theorem, We recall--[15]--that Hl(M,s)
is defined, as a set with distinguished element, even
if S is a sheaf of nonabelian groups. The important
cases in this section are when S is either the sheaf
Gg of smooth germs from i into GL(n,C) or else the
sheaf Gp of such smooth germs which are constant on
leaves from M into GL(n,0). The elements of i'(i,dy)

are called smooth GL(n,C)-bundles over M. Note that

given a space Y and an action of GL(n,C) onY, one can

construct for each g€ (M,Gg), a fibre bundle with
group G and fibre Y: simply take an open cover U in
which a cocyle g j:U; N Uj + G representing € can be
found and use the 8¢S as coordinate transformations.
Of course G can be chosen as another Lie group, and
the definitions hold. If H = G then we have

Hg < Gg and Hy @ G and these sheaf inclusions induce
morphisas H'(i,Hg) » #(i,6g) ana KL(x,H) - Hon,ep)
ete. We shall denote bundles lying in

Im (81(1,65) + KM(M,Gg)} by the name invariant g-

Dundles. And we shall say that the group of such a

bundle can be invariantly reduced if the bundle lies
in In (il (w,Hp) » #'(M,Gg)}. e note in passing that
the group of a GL(n,C) bundle on M can be always
reduced to U(n,C), but the group of an invariant
GL(n,C) bundle on M need not be invariantly reducible
to U(n,8). However for the bundle of transverse 1-
forms, the group can be invariantly reduced from
GL(¢,R) to 0(c,R) if the manifold admits a bundle-like
metric. (The concept of a bundle-like metric for a
Toliation is due to Reinhart [27]. It is a riemannian
metric for which there exist coordinate systems such
that gij' for i, j > 1, is constant on leaves.) We

shall however not introduce any metrics; and the only

Lz





[image: image23.jpg]invariant reduction which we encounter shall happen in
a natural way soon. We remark again that the bundle
of transverse 1~forms is invariant as we have local
trivialisations by invariant and transverse l-forms,
and the coordinate transformations of these are func=
‘{:ions Uy Uj ﬁj GL(c,R) which are constant on
leaves. We recall--from Hirzebruch's book [15]--how
characteristic classes can be defined using a theorem
of Borel's. For a given g ¢ HL(11,Gp) one constructs
an associated principal bundle, i.e., take the fibre
as ¢ and the action as left translation. We denote
+his bundle by P + li. Hence we have an induced bundle
$*¢ € H(p/b,Gp). Here we denote by A(n,g)--or just
A--the subgroup of GL(n,C) consisting of triangular
matrices (i.e., elements below the diagonal vanish).
Proposition 11. The group of p*g can be
invariantly reduced to A. .
Proof: If the word invariant is dropped this is a
standard theorem from Steenrod [33]. The same proof
works even now. We have a canonically given bundle
with group and fiber j sitting over P/A Vizes
P + P/p. Obviously since the coordinate transforma=
tions of P over Il can be chosen constant on leaves,

s0 can those of this bundle (Note that P/A is a
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compact smooth manifold. The fibrasion P/a Bk picks
the foliation of i up to a foliation of P/A. The
fiber of this fibration B/p Bl is precisely G/a, the
manifold of flags:s each element of G/A is a sequence"
of subspaces 0 = E, @ E, @ ... < 7 of €. Let
neKL(p/A,ap) be associated to this bundle, then we
assert that the induced map arising from 4y @ Cgy
sends n to p*g. The proof of this fact can be found
in Hirzebruch [15].

Now we resume our definition of characteristic
classes. For each k = 1,2,...,n we have a map
A Q_’{‘ C* which picks out the kth diagonal element of
the triangular matrix. It thus induces a2 map
Hl(P/A.AD) f%‘ Hl(x\(,gg) and corresponding to
p*5 € H (B/p,4p) we get k complex line bundles
@y(€)s all invariant. Then one can check, as in {153,
that pE is continucusly isomorphic to the whitney
sun @, (8)® <. @ @, (5). We remark that this is not
an isomorphism as invariant bundles: however this is
all we need. Now one defines the chern class
o(p*e) € K°VR(B/p,2) by the formla
o(p*g) = clpy8)elp,5) +oclpyd) employing the cup
product; the chern class 1+ ey of a line bundle

having been defined already in section 8, Finally
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we appeal to the theorem of Borel which says that the
projection p:iP/A =+ M induces & monomorphism
p*ih*(M,2) -+ H*(P/A,2) to pull this class to M. Thus
c(g) = p*'lc(p*g)--‘the theorem of Borel also ensures
that c(p*g) lies in Imp*.

ion 12. The real chern ring of an

Proposi
invariant GL(n,C) bundle over M vanishes in dimensions
> 2c. .

Proofs The fact that p*iH*(M,R) » H*(P/A,R) is a
monomorphism allows us to assume that the given in-
variant bundle g€ H'(H,G) can be invariantly reduced
to A. So it is the continuous '.vhitney sum of
invariant line bundles € = & + ... + 5., & € H (0G5,
Using corollary 5 of section 8 ¢, (8;) € H2(A). Then we
use prop. 5 to conclude that an r-fold product of
these classes will vanish if r » c. This proves the
above theorem. R QED

Note that unlike Prop. 4 we used the fact that
A has a filtration of length ¢ in an essential way.

If one filters (for a continuous foliation) the
complex of singular cochains we are not sure that the

spectral groups 553 vanish for i > cu So the avove
result is valid only for smooth foliation, whereas the

vanishing theorem of prop. 4 is valid for topological

foliations.

Bott [4] proved this theorem, only for D*eT*,
and by a completely different way. This other method,
which uses the Chern-Weil map, fits in naturally with
our spectral sequence and shall be developed further
in section 19.

Of course, as Bott and Heitsch [5] have
pointed out, Theorem 2 breaks down for the integral
chern ring. The reason for the (real) Bott vanishing
theorem can be traced back to the second of the exact
sequences in (10), which gives us the exactness in the
bottom row of (11).

We remark that one can build up a K-theory far
invariant bundles; just as one has the K-ring of

complex analytic bundles.

1k. In this section, we suppose that we have chosen a
complementary subbundle N, i.e., D+ N =T, and 2
projection maps PpiT » T and PytT = T with images D and
N respectively. Then--following a paper of Gugenheim
and Spencer [13]--we define for each pair r,s such that
r+s=p, a bundle map nr’S’XPT +\Pr as follows:
LV AV A e A vy is a p-covector write it down’

as (}>Dv1 + PNV1> A ses A (PDVp + Pva) and pick only
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those terms in which PNvi occurs r times and PDVi

occurs s timss. We now think of AP as (AP1)* and so
we have induced maps n:_ jmp + AP, The fixed points
of this endomorphism form a subspace which we denote

by AT'S. Prom the definition of Egs viz.,
prg

A

B = ;q it follows that we have an isomorphism
A
prl

S Ar,s. We have some more simple relations:

@ A%, 4y = ® a1 ete.
r+s r.s iz
=D
Now our filtration is preserved by the exterior-

>
n
@
>
i
W
IS
n

derivative, d(Ai) S Ay It follows that

4(1090) 2001 4 4100 ang q(a110 4 001y < 41t

+ 220 4 1992, szain the exterior product obviously
pairs AT*S and 42*® with AT*2+5*®. Finally the endo-
morphism d is a skew derivation with respect to the
exterior product. It follows from these remarks that
in the bigraded module A = @ A"'S, d can de thought
of as the sum of three sndo;éf‘phisms dO.l‘dl,O and

d of degrees (0,1), (1,0) and (2,-1) respectively.

2,-1
Now the equation d = 0 can be written

(dg 1 +dy o+ dz’_1>2 = 0. Equating terms of the
. .
2
-d s

same bidegree to zero we get ¢Z, = dZ) = B

= Gy1%0 * S,0%. T % ,0%. F Bt

=dy 49,1 + dpydp,.q4 = 0« In other words d becomes

the sum of three endomorphisms, each of order 2, and
any two of these commute up to sign.
Provosition 13. dz,_1 = 0 if and only if N
is involutive,
Proof: Follows immediately from Proposition 1 applied
to the filtration gotten from N in place of D. QED
Using this bigrading we can algebraically

characterize E1 and E,+ The endomorphism 4 of

0,1
order 2 acting on the above bigraded space @ AT'S gives
us its homology which we denote by V‘O.I(A)' Again since
dl‘o anticommutes with do'1 it induces a differential
: , T,S .
on this new bigraded space @ h0,1(A) of degree (1,0).
If we take homology with respect to this differential
we get a new bigraded space Hl,DHO,I(A) « Similarly
we have yet another bigraded spa i I oH
£ pace hzl‘lhl,o:{oll(;\).

Proposition 14. We have EJ. = HO,:L(A) and
By = My oHy,, ().
Proof: The proof follows that in Cartan ané Eilenberg

Pe 330. The zeroth differential in our spsctral

ghePei , plpeitt ? L

sequence, dgisg*Pl o, ghep-ive 4P . o
P Bl

Sy A

is the map induced from d, and so was the 4y 1 above.
, :
So they coincide and we gzet E = Ho,l(/\). Now--see

CE p. 319-~the first differential in our spectral
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+ 80P can be seen to be the

sequence,d,:537 P71 o 5}
same as the connecting homomorphism induced by the
Aivy
hiv2

E

following exact sequence: 0 =+ T

i+2

)}

e Ay
{note, from (&), that £1°P™! is same as HP(;=
i+l

25
tow the connecting homomorphism HP(;= )
i+l

&
4 Hp*i(rl—f—l-)--given as we pass to homology under d,
B #

is obviously the same as the map induced by d; o which
is the part of d having degree 1,0 (as d2,—-1 would
take us to A;,, and thus play no role in above con-
necting morphism). So it enables us to identify 4
and d;, and see that B, is same as Hy oH, ,(A).  QED

It is however not true that E3 = HZ,—1H1,0H0,1(A)'
the differential d3 of the spectral sequence is quite

different from the knight move.

15. The rather algebraical interpretation of the E,
term, given by Prop. 1% is not altogether satisfactory.
A more geometric result is the following.
Proposition 15. The sheaf sequence
0+Rresp? Sl 4 ... 4D% 40 (19)
is exact. For each q » 0, we have the induced chain

complex

% t t
Hw,0% L5 sl & ... s 130,05 . (20)

Under the isomorphism of prop. 2 this complex is same
as

e

d
0,0 9 1
0 g gl

Thus the E, term can be thought of as the homology of
the seqn. (20).

Proofs First we demonstrate the exactness. To do
this we employ the classical Poincare's lemma in the
following way: a local section of DP, i.e., a local
invariant transverse p-form ¢ looks like

5 wa(y)dyal A ves A dyap in coordinates xl,xz,...,xl.

3

100 Y, compatible with the foliation, and d(w) is

Just 3w, (¥)

Z2 dyy A G A evs A G .
@k ¥V e Ve,

P
Using the fact that in RP any closed form is exact,
we are through.

For the second part we recall that the iso-
morphism of prop. 2 resulted from the fine sheaf
resolutions occurring in the rows of the following
sign-commutative diagram of sheaves

0 »giqgé'o ‘:xf,'l 5:'1 L 453'1 40
¢ Qe 1 18,0 .

A 4 . S
0 2121,534»1,0 _)0.15:1.14 ...af‘“'lao
0
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[image: image27.jpg]Here I think of the sheaf 5P'~ as the sheaf of germs

of forms in 4P'% (see Section 14 above). only the
commutavity of the first square could be non-obvioug.,
It follows by noting that on invariant forms, do.l =0.
And since KeaaPrd 4 4P200 55 Gnuiouany gere fon
9 =0, we see that aip® + p™*? ig gape ag dl'oxgi »
Qiﬂ and so the first square commutes.

Due to naturality, the second assertion fol-
lows from this commutative diagram. QED

In a well known special case, Serre [31] was

able %o give a better description of the spaces 5,
We shall now obtain his results. So we suppose that
our foliation arises from a smooth fibration ¥ X B
with fider F; here F and B are smooth man:}folds, etc,
Before taking up the general case we note that the
case g = 0 is very easy.
Corollary 16. In this fibration case 5020 = 1P(s,p).
Proofs For q = 0, (20) is Just the chain conmlex. of
sections amslng from the differential sheaf D « Now
the sheaf D is simply the pull-back of the sheaf
#(B) of i-foras on the vase space. Hence (20) coin-
cides with the deRham complex on B and the result -

follows. QED

For the general case we define a sheaf Kg(?)
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on B from the following pre~sheaf: to each open set U
of B we associate the vector space x4(27ly,3), ana
to each inclusion map W = U the induced homorphisa
Hp™b,8) « #4p™M0,R) of pl < p7%U. . Now we have
‘the cohomolozy of B with coefficients in this shear,
vize, BP(B,HI(F) ). It is usual to call this as the
cohomology of B with local coefficients in EUF). We
then have the followings

Proposition 17. In the fibration case
D = HP(B.Hg(F) )
Proofs We extend the construction above defined to the
ennre sequence (19), i.e., we construct sheaves
H (D ) on B from the presheaves which attach to each
open set U of B the space H3(p"10,0%) and to eacn
inclusion W < U the induced map qq<p'1w p?) « 1%(p7ty,pP).
Now the morphisms in the sequence (19) induce sheaf
homomorphisns ha(gp) - HB(QP“). The resulting sheaf

sequence

0215 + 10 4 i+ 0 40 (21)

is exact. MNoreover each of the sheaves Hg(gi) is

fine as follows from noting that K1(,DL) is a module
over C™(B), the ring of functions constant on leaves.
Pinally the chain complex of sections arising from (21)

coincides with (20). This proves the assertion. QED
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We shall not pursue this special case further
as it is well known and understood.
It should be pointed out however that the
exact sheaf sequence (19) is the basic reason why one
uses spectral sequences to study foliated manifolds.
In the terminology of Swan [35] the "second* spectral
sequence of (19)--with resolution by forms--is precise-
1y the spectral sequence being studied. One can
generalize this procedure to studying any structure
on M, which gives us from the exact sequence
0—75—94/{.0—4—)‘,(’-‘3-\“ - A"vo
of sheaves another (semi-exact sequence) of subsheafs.
05R —df Sl o
In our case G is the foliate structure and the subsheaf
é is ', the sheaf of transverss and invariant i-
forms, and this sequence is the exact sequence (19).
(This general point of view can bs seen in Spencer's

work--see, e.g., [32].)

16. Let M be any smooth manifold, not necessarily
compact, and suppose that we have a smooth vector
bundle V TyH; the space of smooth sections is denoted
by C®(V). By a local trivialisation of this bundle 'we
mean a diffeomorphism X of m 1(U) with the trivial

bundle 0 x B%. (Here 0  A™ is an open set = U and

k is the fibre dimension). If we look at a section
g€C™(V) under this trivialisation we get a map

&0 + kY, whose ith coordinate shall be denoted by

g"i' l1<ick. Ifqs= (“1’“2' e:cp) is a multi-

index we shall denote by g{®) the function g R given
By Reg
5

(Here |aj= ' 1 F Ayt oede °u>‘

Now choose a compact set L in Q and set |g| equal

XsasL
to sup el ). men this ic a semi-norn on
X€L,1gigk’ *i
the vector space C(V). (A function piv = [0,) such
that p(x + ¥) < p(x) + B(¥), P(AX) = X p(x) is called
a semi-norm on the vector space V). Now we put on (V)
the weakest topology which makes all the semi-nornms
I [X:a.L continuous. One can in fact get this same
topology by using only a countable number of these
semi-norms. (Take a countable number of coﬁpact sets
covering M with their interiors, each compact set
lying in a U over which a trivialization is given).
Also, all the semi-norms vanish only on the zero
section. Hence this vector space is metrizable. [see
P- 24 of L. Schwartz [29]. We'll refer to this book

for all results on functional analyses.] 1In the





[image: image29.jpg]+55

preceding sections we have come across a number of
vector spaces of this type. For example, A, AP, B,
Eg'q are 2ll spaces of sections of suitable vector
bundles on M. These vector spaces, or for that matter
any other such space of sections, shall be assumed to
be topologized in the above manner.

Proposition 18. C™(V) is a Frechet space.

[A Frechet space is a complete metrizable space. By
complete we mean that every Cauchy sequence converges.
A sequence vy is called cauchy if p(vj-v;) + 0 as
i,j + « for each semi-norm p.]

Proof: We have already seen that its topology can

be defined by a countable number of semi-norms. The
completeness follows by noting that uniform limit of
continuous functions is continuous. QED
Corollary . A, AP: ao.Eg"l are Frechet spaces.

We remark that A is a hausdorff locally convex
topological vector space--briefly, a HLCTVS--and, as
such the theory of compact operators applies to its

We recall that if E and F are 2 HICTVSes then
a linear map E + P is called compact if it is continu-
ous and maps some neighborhood of zero onto a
relatively compact set (i.e., a set with compact

closure). The following basic theorem is the culmination

of the efforts of Fredholm, Hilvert, Riesz and Schwartz
amongst others.

Proposition 19. If E is a Hausdorff locally
convex topological vector space and s:E + E is compact
then the map 1 -s:E » E has a finite dimensional
kernel, a closed image, and a finite dimensional
cokernel,

We refer the reader to Schwartz [29], Theoreas
A=1, A-2 for even more general results. We shall need
only the finiteness of codimension,

The volume bundle g -+ N is the line bundle
associated to the tangent bundle by the representation
GL(m) + 8" given by A + |det A}, It is clear that
sections of o are smooth measures on li. A smooth

kernel K--see Atiyah and Bott, Lefschetz Fixed pt.

formula [2]--assigns Swoothly to each point (z,y)

of M x M a linear transformation u; AT Q.

Thus for a given x, K(x,y) (m(y) >is a form at x times
@ measure. Integrating over ¥ we shall get a form
which we shall denote by Syw+ This integration

is possible if X has a compact support in M x M or,
even if, for x fixed, the set {YIK(x,¥) # 0} = ¥ has
@ compact closure. A linear map stA =+ A which ax:ises

from a smooth kernel K in the fashion descrided is
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(s () = [ K (ut) (22)
¥

We note that the definition of smoothing map holds
even if we are working with an arbitrary vector
bundle V in place of AT". Thus one can talk of
smoothing maps <*(V) i%. c®(V). The right side of (22)
continues to make sense even if y is only continuous in
y. Differentiation under the integral sign shows that
if K is still a smooth kernel, Sy shall be smooth in
x. In_other words we have a natural extension
Oy 2K () of Sy and S = 51 where i denotes the
inclusion map C™(V)>cO(V).

We shall topologise the vector space CH(V)
of k-times continuously differentiable sections of
a vector bundle V + It by the semi-normslcl, . . with
lal <K, It is apparent that if M is compact then the
topology is given by a finite number of such semi-
normss we take a finite number of compact sets Lj
whose interiorscover M and a finite number of triviali-
zationsx; defined (resp.) on neighborhoods of Lj.

Thus the topology is also given by a norm

Pell=, 2 )

i, a gk

. The space is clearly

* 'Xi.a.Li

complete. Hence C¥(V) has been topologised, for k

compact, as a Banach space.

Proposition 20. If M is compact C1(V)CscO(V)

is compact.
Proofs Take any bounded neighborhood of zero in Cl(V).
As a subset of CO(V) it is equicontinuous and fibre-
wise bounded. So by Ascoli's theorem--sec, e.g.,
Schwartz, Th. k-6--it has compact closure ia ¢O(V) gz

This result shows that the inclusion is
c*(V)e2c®(V) is also compact, as it facters vhrough the
above map. Hence we see that for M compict, o smoothing
map SK:A + A is always compact.

By a parametrix ford--or simply, a parametrix--
we shall understand, as in [2], a linear map ; K,
such that dp + pd = 1-5 where 4 54 is a smoothing map.
When I carries a foliation we will also introduce &
further refinement: a parametrix will be called a
k-parametrix if s commutes with the filtration and
pla) = Ap_yyq+ [One can always construct a parametrix
for d(see e.g., sections 17 and 18 below) but it is
not known whether a 3-parametrix is possible. An
example due to Schwartz [28] implies that one need
not have a 2-parametrix.] The important equation

1-s=dp+nd )

shows that 1 -5 maps 2 (Z = {w WEAs dw=0)) linto B

5€





[image: image31.jpg](B={ww€hA s.t. 3 6 with do = ). But 2 being a
closed subspace of A is also Hausdorff, so a HLGTVS.
Hence if I is compact, by Prop. 19, Z 13 2 has a
finite codimension. Hence Z/B is finite dimensional,
which of course is well known. Similarly we have the
following.

Proposition 21. Suppose that a k-parametrix

exists. .

(2) Then if the space Zj is Hausdorft in the
induced topology and the induced map S1Z) » Zy is
compact then Eyp is finite dimensé.onal.

(b) If M is compact and all the spectral
sequence morphisms do,dl,... are topological homo-
morphisms then the above hypothesis is satisfied.
Proof:s By [7], prop. 3+1, page 321, the induced
map 1-si2,+2; has image lying in By. Thus 2,/B, is
finite dimensional by using hypotheses of (;) and
proposition 19. This proves (a).

Now if M is compact the smoothing map
8i1A + A is compact. As do'dl'»' . are topological
homomorphisms the vector spaces EO'EJ.‘EZ"" will all
be Hausdorff locally convex in the induced topology.
One sees that the induced map 812, = 2, is also

compact. QED
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6o

The author feels that the hypotheses in (a) is
not required for this finiteness result. However one
would have to use more refined functional analysis to
settle this point.

This proposition tells us that it is a good
idea to construct k-parametrices for d. (This will
be done in subsequent sections.) For examile, a
2-parametrix would make E, finite dimensionzl under

above hypotheses. Note however that 23! are always

Hausdorff and the existence of a 2-para;et. % would at
once imply that E,'® are finite dimensisnal. 'inother
simple observation is that B, is finit‘L« dimensicnale--
for M compact--for r » ¢ + 1. This failows froa the
fact that E_ is finite dimensional ard that a. =1

for r » ¢ + 1, as the filtration is o length c. O
can ask as to whether there exists aa r, independent
of ¢, for which E (M) is finite dimensional; M being
any compact foliated manifold. The recent’counter—
example of G. Schwartz [28] shows that if such an r
exists it must be > 3. This follows as the groups in
[28) are precisely £,°°() and Schwarz gives foliatisas
for which they fail to be finite dimensional. Note
that [28] thus implies that one may not be akble to

construct a 2-parametrix.

P

s ene e syt e P

.
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if the right side is a finite number

Proposition 22. If E, is finite dimensional
X} = 5 (-1PReDid (25)
Piq
where x(M) is the Euler-Poincare characteristic of M.
Proof: Since the ith Betti number of M is
by = 3 eP'd, it follows that

pra=i
%= 3 (=P
Pig .
and so =3 (-1)P*%P'2 for § large enough.
P o
But we know that the Euler characteristic of a finite
complex is same as that of its graded homology. Hence
the last expression equals
PHQPiq QED
I (=1)7ep

P:q
One can pose more general index problems; e.g.,

calculate -1)%P% (if E, is finite dimensional) in
Z (-1) 5 (if B, is £ i

terms of characteristic classes.

some cases to guess at the probable expressions.
the general development in this direction is at thé

moment held up due to analytical difficulties:

construction of parametrices etc., which we will

encounter in the following sections.
IZ we have a Hausdorfr Tvs v, equipped with a
continuous differential A1V 5 V then it is clear that
VT < a7X(0) and so we can define the continuous
homology of (V,d) as %—)ﬁl 1 we denote it by H(v).

Note that H(V) will be Heusdorff also. On the other
hand the homology group H(V) need not be Hausdorff.

Propesition 235 The continuous homology of
the deRham complex is same as the deRham cohomology.
Proof: In fact B = d(A) can be charactez‘ized--by
deRhan's theorem--as those forms which have zero value
on all cyeles. Thus it will follows thas 3=5ang
the result is clear., QED

Note that if y is compact, prop. 23 is trivials
B is of finite codimension in the Frechet space Z, so
it must be closed.

This proposition and prop. 21 show that it
might be desirable to replace the spectral sequence &,
by 2 continuous spectral sequence E in which at each
step we take the continuous homology with respect to
a continuous differential, The advantage of such a
change would be that the Hausdorffness requirement can
be dropped from Prop. 21: If there is a k-parametrix,

Ek is finite dimensionalt By prop. 23 such a spectral

s,




[image: image33.jpg]sequence would also converge to K'(If,k). However we
shall not go into this here Dbecause (1) a lot of pre=~
liminary continuous homological algebra is required;
and (2) the Hausdorffness condition ought to be
studied, (since it has connections with Serre duality),

and not evaded. (See prop. 27 below.)

17. Let us denote by C*(l4,}) the set of all smooth
maps M + M, and by C;(M,]\I) the set of all smooth maps
M -+ M which map any leaf into another. Consider a
function

FiR™ + C¥(M,M), with F(0) = id. (26)
Let £(m) be any function on R™ which is smooth, has

compact support, and for which

] stman =1 (2n)
Rm

Let us now write the formal expressions, with € A:
() (x) = [ (F(m*w)x)z(man (28)
a

and | (ma(x) = [ [O(e31, BCn0)*w)x)
il | 5t

*+ f(n)dndt (29)

Here the map F(nt):MxI » M is defined by

(x,t)-»F(nt)x and for each t€[0,1] we define the

63

injection oosli = Mx1 by xm(x,t). £ is the standara
vector on Mx I along the t-direction. One should
compare these formulae to those in Secticn (10).

We can topologize the set of all maps, G (1,k),
in a natural way with the C™ topology: so 2 maps are
‘near' each other if (in local coordinates) all their
derivatives are ‘near' each other. The subset
CT(3,M) shall be given the subspace topology.

Now if we require that the function F be
continuous in (26) it follows immediately that the two
integrands in (28) and (29) are continuous. Since they
have compact support also both these expressions make
absolutely good sense.

Proposition 24. p is a chain homotopy between
1 and s; i.e., 1~5 = dp + dp. If the image of (26)
lies in c"l“(m,m) then s preserves filtration and p is
a 2-chain homotopy.

Proof; Since d commutes with induced maps we see that

apo + pao = [ j‘: (4031, P(ne)¥ + o1, F(n)"aw)
. R® 3t 3T

* £(n)dndt
equals .
i : *
Im J‘i (03€ar, + 1, QR "0)-£(manat
R EE 3
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which, by (14), is the same as

J IO (e3n, PO ") s ange
R 3t

Integrating with respect to t we get, as F(0) = id,

[ wtman - [ (rew*w)-2(man

0 "
ans so, by (27) and (28) this is the same as

W~ sw.

Now, if F(m)iM + M maps leaves into leaves then
F(m)*iA + A preserves the filtration. So, by (28)
SiA -+ A preserves the filtratien.1 Considering MxI to
be carrying the 2-foliation (section 9) we see that
F(nt)*sa(M) » A(M xI) also preserves the filtration.
Since & is transverse to the 2-foliation of MxI

it follows that the filtration of i, F(nt)*w is one
3T

unit less at most. Since e;:A(MxI) -+ A(M) preserves

the filtration we thus see from (29) that pip = A obeys

the condition p(Ai) S Ay QED
To construct a parametrix we need to choose

F so as to make the map siA + A a smoothing map. For

the construction of a 2-parametrix we will have to

ensure that the image of F lies in c“{(m,m) "

. Consider the following situation: N is

parallelizable, and adnmits a global parallelism by m
complete vector fields. This means that we have m
globally defined tangent vector fields on M, which are
linearly independent at each point, and which define
1-parameter groups of diffeomorphisms of M. Thus we
have a continuous function
Fix™ » ¢™(1), F0) = 0, (30)
with the right hand side given the usual Frechet
topology. Let us denote the 1-paraneter group of
diffeomorphisms of F(n) by Fy(n). Then by taking
F(n) = F,(n) we get a continuous function
F13™ =+ DILT (M), F(0) = id. (31)
Note that if M is compact the completeness assumption
can be dropped from the above., The space of all
diffeomorphisms I} = M which figures in the right side
of (31) is topologized as a subspace of C®(M, M), We'll
have occasion also to employ the space Diz‘fl (M) of
diffeomorphisms of M which map leaves onto leaves.
Now choose an x€M and consider the map F, of
R™ into M given by nwF(n)x. This map takes 0 to x.
Also it maps Tog”‘, the tangent space to R® at 0
isomorphically onto T,M. In fact, using the canonical
identification of T,R" with ™, this map is simply “tne

map FuiR" » T, given by neF(n)(x) and, by hypothesis,





[image: image35.jpg]it is an isomorphism. It follows therefore that
F 1R™ o 1 maps some neighborhood of 0 ¢ R diffeo-
morphically onto a neighborhood of x €M. (In general
we will say that the continuous map of (26) is locally
transitive at x €4 if F,iR™ -+ I has the above property.)
Let us consider also the product space M xM and
let A denote the diagonal in this space. The map F
leads to a natural map Fyult xR™ - JixM given by
(x,m= (x,F()x) which maps (x,0) to (x,x) €A. Again
it follows from the given hypothesis that the tangent
space at the first point--(x,0)--is mapped isomorphical-
ly to that at (x,x). Hence somelneighborhood of the
first point is mapped diffeomorphically onto a neighbor-
hood of the second. From this we conclude that given
an X €If one can find a neighborhood V of x such that
a neighborhood of V of 0€R™ is mapped diffeomorphical-
1y onto some neighborhood of y €M by Py for each yev.
(This sentence makes sense for any continuo;xs map
FiR® 4 C7(M,M). We will say then that F is locally
transitive near x.)
Now if M is compact then the last sentence
can be strengthened to reads There exists a neighbor-
hood V of 0€R™ which is mapped diffeomorphically to
some neighborhood of y €M by any Fy’ YEM. (We will

&7

say that (26) is uniformly trencitive if it possesses

the property expressed by this sentence.)
We will assume now that the function £(n) used
above in constructing s and p has its support inside
the aforementioned neighborhood V of 0 € ™.
Proposition 25. If the continuous map
FiR™ + ¢°(,N) is uniformly transitive and if f£(n) has
sufficiently small support, then s is a smoothing maps
so p is a parametrix in Prop. 24. If further the image
of F lies in CT(M,M) then it is a 2-parametrix.
Proof: By sufficiently small support we simply mean
that the assumption just made above holds. Now

u (%:F,(0)) = N gives us a neighborhood of the diagonal
x

A < MxH such that for each (x,y) € N we have a smooth
linear transformation K(x,y) of x’l‘; to xTi@ny given
by (v (P 0)(x0@0: here n = Fl(y) and o is the
measure in FX(U) corresponding to the measure f(n)dn
in U, under the diffeomorphism F . Defining K(x,y) = 0
for (x,y) £N we thus get a smooth kernel k on MxM. It
is clear that the s given by eqn. (28) is the same as
Sy & smoothing map, given by (22). QED
The remark made above indicates that this

result applies whenever M is a compact parallelizabdle

manifold. If then the image of F lies in c“f(T)--t'ne





[image: image36.jpg]vector fields of the foliation--then we will get a 2~
parametrix. If I is not complact, but still has a
parallelism by complete vector fields (30), then F

is only locally transitive near each x. This situa-
tion will arise later on when we take M to be a
principal tangent bundle. However, in that case F

is equivariant with respect to group action on the
fibres. Due to this F will be uniformly trangitive ig
the base space is compact. (This construction will be

postponed to sec. 21 since it usesconnection theory.)

18, In this section we will make a few comments which
are not directly needed in the ensuing developments.
a. For non-parallizable manifolds we will
rapidly sketch the modifications to be made on the
above arguments
A. Pirst we notice that if we have a finite

number of linear maps s,

$1P; of A such that

1'si'dpi+ pid, then by putting 3'515283"' and
P=p ts;pp+ slszy3+ eoo We get 1 -s=dp+pd. Hence

it is enough to show that 81858500 is smoothing.
B. Now, given a manifold M and any X € ¥ we
can always find a continuous map Fiz™ + ¢(1), .

F(0) = 0 such that for all y€V, a nhbd. of x,

Fy.g’“ + Ty is an isomorphism. From there we can find

a mep FiX™ » Diff (3) which is locally transitive near
x. We will take F(n)(y) to be zero in M-V; so
F(n)(y) = y outside of V. Now using this map F the
proof of prop. 25 shall show that s is a smoothing map
in some neighborhood of x, i.e., any CO form with
support inside this neighborhood is mapped to a C*°
form by s.

C. We now can find (as M is compact) a finite
number of maps $;+P; Of A such that we have (1) 1 -85
= dpi+ pidx (2) S; smoothes forms inside the open set
Wi (vhere y W} = M): (3) and any form with support in
M-} is mapped into a form with support in i - w2

(here 72 <} and y w2 = M), The last can be achieved
i

by reducing the support of the f,(m) which are used
to construct s;. But from (1), (2), (3) it follows
at once that s = 5;5,55... will make any ¢ form into
a smooth form. Thus 1-s = dp+ pd is the required
parametrix.

D. One notes that this patching argument will
run into trouble if (with M foliated) we impose th
requirement that the image of F lies in Diffy(m).
However for fibered manifolds this problem can be -

avoided. We take a product neighborhood V and a

continuous map Fi3™ - c‘;(T) such that Fyxgm + Ty is an
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[image: image37.jpg]isemorphism for y€V; F(0) = 0, F(n)(y) = 0 for
neRt 2% and y£V, and for all n and y£p (V)
(pill » B being the fibration). Now F(n) will map
M=V into M~V and we will have no trouble_ in seeing
that (3) holds besides (1) and (2). Thus patching a
finite number of s; constructed from such Vi will
give the required 2-parametrix. (Note that if each P;
disturbs filtration by 1 unit, so does
Py S P+ Siszpj* s+« = p; since each s; commutes with
the filtration.) We record this as

Proposition 26. A fibered manifold possesses a
2-parametrix for d.

E. We remark that the hypotheses used in step
D of the construction hold also if the foliation has
diffeomorphic leaves, is regular (i.e., each pt. has
a transverse nhbd. meeting a leaf only once), and
arises from the orbits of a Lie group which acts
freely on the manifold. For such a foliation we can
construct maps F with the same properties as in.D. So
such foliations arising from the free action of a Lie
group also have a 2-parametrix.

b, Transverse invariant forms form the com;'alex

4t g ... 500, (32)

Reinhart [26] constructed a parametrix for D %D under

7

the condition that one has a bundle-like metrix. And
thus (since D is 2 HLCTVS) is follows that the
homology, i.e., E,°%, is finite dimensional, under
this condition. Since Schwarz [28] has shown that
E;'® need not be finite dimensional (32) may fail to
have a parametrix. In any case if we have maps D5 D
such that 1=-s = dp+ pd, then they induce maps s?,pt
in the complex (20) of prop. 15. These induced maps
still obey the identity 1-s" = d '+ p'a . so if
the spaces of (20) can be given a Hausdorff topology,
then we will have a parametrix for this complex also.
G Now we point out the simple connection
between Hausdorffness and Serre's duality. We follow
the argument given by Serre [20]. The basic lemma
is that if V is a Frechet space and the differential
dsV = V is a topological homomorphism then the

homology Hy4(V) is also a Frechet space (in the induced

topology) and its dual is Ky, (V') where v+ S5 vt ig
the topological dual. This is Lemma 1 in [20]. Let
us now take up the forms with distributional coef~
ficients as in [20]. This complex (K,d) also carries
a natural filtration and thus gives us another
spectral sequence F2'? also converging to the déRHan

cohomology. One now notes that 53' has the
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[image: image38.jpg]topological dual F;_P’l-q (same proof as Prop. 4 of
[20]) and that the dual map dj corresponds to dg
FO ~+F, under this isomorphism (same proof as
Prop. 5 of [20]). Using these remarks one geis the
following result by using Lemma 1 again and again.
Proposition 27. If the spectral sequence
morphisms do'dl”" are topological homorphisms (with
respect to the induced topologies) then Serre's
auality 229 = ESP*174 nolds (it is of course
orientable) .
This proposition implies that if Ey is finite

dimensional then Serre's duality holds. And thus 2ll

odd dimensional foliations with dim E1 < 0 lie only on

signature zero manifolds.
d. Calculations made by Kodaira and given by

Reinhart [26] show that for almost all irrational flows

0,1 .. g140
By £

on the torys dim E, < w (in fact £7°° =

t

= 5l'l < R). But on the other hand there e

irrational flows on the torus for which din 51'°

=l = @ Ve will recall their argument below.
Note for the moment however that an irrational toral
flow is ergodic (i.e., any measurable set made up of
complete leaves is of measure O or 1) and minimal

(i.e., every leaf is dense). So neither of these

hypotheses suffice to ensure dim Ey) <o

23

Think of the 2 torus 12 as the (r,s) plans
satisfyinz o < r <1, 0 < 's <1 with proper boundary
identifications. Let us be given a 1-foliation
represented by straight lines making an angle ¢ with
the r-axis, such that tan @ = \ is an irrational number.
Let us denote by x the direction along the leaves. Let
us now try to calculate 1'%, Obviously 230 can be
supposed to be all smooth forms § = @dx. Now if ¢

i »0
lay in 32¢% then g = 2L wnere £ is another smooth

function. Thinking of both @.f as bi-periodic func~
tions in r,s we have their Fourier series
® = 2 Opy XP (2ninr + 2mins), £ = 3 £ exp (2ninr

+ 2mins). Substituting in g = g—’; we see that we must

have ©gp = 03 and then fmn - m%m)

for (myn) # (0,0). (The denominator m+ m, #O0as

is irrational). Conversely whenever gyo = 0 one can
build a fourier series for f. However this series
does not converge for some value of Ae But if ) is
irrational enough--i.e., m+n\ > f( n}, where

f(n) = O(ns), s > 2--it does converge to a smooth
function. By a theorem in diophantine approximation
theory (due to Khintchine) this condition is satisfied

for all ) outside a set of measure zero.
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Prof. Gromov has suggested that this example
may be extendable to nilflows on nilmanifolds (see

t al., Annals Studies no. 53) .

e

Auslander
If the foliation has 2 dense leaf note that

s sl s
¢in £P'0 < @, This follows since 5P'0 consists of
transverse invariant forms; and the value of such form

over a leaf is determined by its value at one point

thereof. #
e. The following questions are interestings

1. Is dim Ey <« for all Anosov flows: (See
a book on dynamical systems for definitions.)

2. Is dim E3 < w for all compact foliated mani=~

folds?
As yet, the author is unable to answer them.

19. In this section we shall cover the general rela-
tions between connection theory and our spectral

sequence.

There are two main (kinds of) definitions of
connection. The first may be called 'apalytical' as
it is convenient in differential geometry. Here a
connection on a vector pundle W (on M) is a morphism
¢ Sc(w) @C7(2" ) oveying certain rules. [See,”

e.g., Kobayashi and Nomizu.]

The second is the ‘algebraical' definition as
it is convenient for defining characteristic classes.
Here the connection is defined as an algebra morphism
of a finite dimensional algebra into the exterior
algebra of forms over P, the principal bundle of W.
(see, e.g., H. Cartan [6].)

The two definitions are due, mainly, to Koszul
[19] and to Ehresmann [12], respectively. We shall
lock at connection theory from both these viewpoints.
Pirst, the 'analytical' aspect.
19A. Let W be a smooth vector ‘nqndle on Ii and denote
by A(W) = AP(¥) the vector space of smooth sections of
W ® AT¥. Let us try (in analogy with the exterior
derivative d:p - A) to build an endomorphism
a(fgw Ao) =df ABw AG+ D3 AwAC Y+ fEdp A DT

+ (-1)Pzgw A a0 (33)

Here £ € C™(), g € ¢(w) = A%(W), w € A%, o € 4% and
the meaning of the various products is the natural one.
Note that by (33) 3 cannot be the zero map.

Proposition 28. One can find an endomorphism
23A(W) ~ A(W) satisfying 33 [3 is called a connection
on WJ. )
Proof: Locally A(W) is generated by smooth functions,

smooth sections of W and smooth forms by employing the
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[image: image40.jpg]various products. Hence, by (21), it suffices locally
to just define 3:a%(#) » AN(W), f.e., CO(W) 4CTT* W).
To do this we select, for a basis § = §,48,,.s0 OF
¢*(w), a matrix y of 1-forms and put

38 = ws (34)
If in an overlapping locality a basis s' is chosen with
s' = gs, we put @' = (dg+ewg™t (35)
Now we check that w's' = dgs + gds which is a(gs).
Hence the definition extends globally. Actually if M

is compact a finite number of such matrices p (called

connection matrices) are enough to define 3. QED

Now we naturally ask if one canask for az = 0.

Proposition 29. One can find an endomorphism
21a() =+ A(W) satisfying (33) and 3% = 0 if and only
if the structure group of W can be reduced to a finite
subset.
Proof: Let us first take 32 = 0. Choosing as above a
basis s for CP(W) in a local area this means 3%s = 0,
i.e., a(ws) = O (with above terminology), and hence by
(33), dws + 3s Aw = 0, i.e., dws -~ w A ws = 0. Hence
we get the equivalent condition

Q= -wAw=0 (36)

The matrix (} of 2-forms (depending on s) is called a

curvature matrix. One can see that in a new basis
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S' = gs we shall have
0" =eng™ (37

and hence (] = 0 is a condition quite independent of
the local basis s selected. By the Ambrose-Sirger
theorem (see Kobayashi and Nomizu, Chapter II, esp.
Pe 92) this implies that the local (or the restricted)
holonomy group of W is zero. Locally trivializing W
by horizontal sections we can arrange that the
coordinate transformations are constant WX W matrices.
Conversely let us suppose that we can cover W by a
finite nusber of trivializations 5 (vasis of C%(i))
such that the connecting matrices & are constant. Now
take ¢ as the zero matrix in each of these. Since
dg = 0 the required transformation law holds and we
have a connection. It is clear that one has3®= 0. QzD

Before proceeding with proving another prop.
of the same kind we will indicate some additional
results. Given a connection 3 on W one attempts to
compute the cohomology H’"‘(m,wa) where W, denotes the
sheaf of germe of horizontal sections (i.e., 3f = 0)
of W. In the particular case given by the above
proposition this sheaf has a fine resolution by

0 iy A g AP » 0

and we have a generalised deRham theorem. This
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cohomology a”(m,.va) is traditionally called 'with
local coefficients #.' In the general case such a
resolution is not readily available and one has to
resort to methods of a different kind (see work of
Nijenhuis, Spencer, etc.). It is clear that the
theory of characteristic classes is intimately related
t0 ‘this cohomology.

Now we employ the bigrading of section 1k and
denote by AP'%(W) the vector space formed by the smooth
sections of ¥ @ A\P'4T*. We denote by 3g, the part of
a connection which is of bidegree (0,1).

Proposition 30. One can find an endomorphism
a1n(H) + A() satisfying (33) and 33 = 0 if and only
if ¥ is an invariant bundle.

Proofs Suppose that 32, = 0. Hence, with respect to
a local basis s for C™(#), the curvature matrix Q
consists of 2 forms having filtration » 1. Using the
Ambrose Singer theorem we see that the loca); holonomy
of each .leaf is trivial. Now if we cover i by a
finite number of trivializations s keeping each of
them horizontal along leaves it follows that the
connecting matrices g are constant along leaves.

Conversely take some trivializations of W which are

related by matrices g constant along leaves. Let g

be the matrices of any connsction. Now compare the

parts of (35) of bidegree (1,0). wWe get

W0 = (45 + uyg)g™ . Those metrices uyy give required

connection. QED
An invariant bundle shall always, if not

otherwise mentioned, carry such a coanection. We shall

call this a Bott connection. The above proof suggests

that for each £ ¢ Hl(id,GD), G = GL(w), we also defire
the notion of a é—Bctc connection on W as follows: Let
us take any cocycle (U,g) representing . That is7 is
a covering of I by open sets Ui and g consists of
sections g over Uy 1 Uj 6f the sheaf G, which obey
8383k = Ej) (See Hirzebruch's book for more details).
Now on each U; choose trivializations s; for C™(W) so
that 55 = g; 555
respect to sj+ If they are of filtration » 1 we say

Let w5 be the connection matrices with

that we have aé-son connection. This is a valid
definition for if some other trivializations s; are
taken equation (35) shows w} is also of filtration » 1.

Again if some other cocycle (U,g') is chosen we have

g;j 5 jf3 where £ is section over Uy of G5. So
we see that 53 = gigsi where s{ = 171s.. By (35) the

connection matrices with respect to s{ will also be

=1
13

of filtration » 1. The proof above now tells us that
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[image: image42.jpg]if the invariant bundle W is asscciated tod e Hl(m,cn)
then we have Eé-Eott connection on W.

#e shall denote by 5 (W) the homology of A(W)
under 2017 if 3 is a Bott connection. Also denote by
gL(w) the w’-dimensional vector space of all endo-
morphisms of R¥. The group GL(w) acts on it by

g1 = glg™t (38)
Using this action we construct a vector bundle W2 with
fibre dimension w? associated to W. It is clear that
one can think of the curvature {of a connection
31A(W) » AW)) as an element of AZ(#%) given locally
by the curvature matrices () encountered before. We
denote this globdal form also by Q. So Q€ 2(43).
When ¥ is invariant and » is a £-Bott connection we
get a part 0 3 €a11(#%) which satisties 301(y,4) = 0
[because (} = dw ~ w A w shows that locally,
0,1 = dpy0]. Hence we get a class [y ,,1 Ei'l(wz).

We recall that in Atiyah [1] such a class was
used to characterize those complex analytic bundles

which can adnit a complex analytic connection. Prop.

31 below gives an analagous result. For each

Ze 1(1,6) a connection on ¥ (a vector bundle

associated toé) is called ancﬁ-invariant connection

if its connection-matrices wy» wrt any trivializations
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93 asreeins with a cocyels (U,g) of &, consist of

transverse invariant forms. Note that the curvature
of any such connection is or filtration » 2. In other

words “1,1 = 0. Any connection obeying this condition

will be called an.

variant comnection. If the vector
bundle W adnits an -invariant connection we shall say

that it is stifr.

Proposition 31. A bundle w is Stiff if and
only if [0, ;TeE 2 (w?) vanishes.
Proof:s The "only ifn Part is obvious. so only the
converse needs a demonstration. ¥ is now just an
invariant bundle and we choose a 1Bctt connecticn and
then look at the homolo, y class i i
Eivl(‘qz). We assume t:t it van?s)}lx'lj i

. t eS. Thus there

exists a one-form 8€42'°(w?) such that 2018 =0y ;-
Choosing local bases s which are horizontal over
leaves one can think of 8 as being locally defined oy
matrices varying by 6' = geg™l. So if y denotes the
connection matrices of the given Bott connection,
®©=6 is also a Bott connection, The relation
3012 = nl,l reads d01(w~8) =0, i.e., that these
matrices consist of transverse and invariant i-forms.

This shows that W is stiff. QED

‘ We refer the reader to Deligne [10] for a

o
[





[image: image43.jpg]similar viewpoint of connection theory. [He also
considers connections as derivations of A(#) lying
above d.] Also the work of Molino [21] is closely
related to the above, e.g., he has the notion of an
invariant connection; though the reduction of the
structure sheaf is not stressed.

19B. This section will be devoted to dualising the
results of section 194 into statements about the Weil
homomorphism. Also some essentially new features will
be pointed out.

It is well-known--see, e.g., [17], pages 65-66-- &
that the definition of connection in section 194 (by
matrices @ obeying (35)) is equivalent to putting on
P (the principal bundle of W) a smooth plane field
transverse to the fibres, and of dimension m, which is
preserved by the group action. With this in mind we
now go over to the 'algebraical’ treatment of connec-
tions.

Let G be any lie group. We'll first of all
introduce the notion of a G-algebra. By this we mean
a graded anticommutative algebra over R [or, more
generally, over any commutative ring with unity] which

is supplied with a differential d [i.e., & skew

derivation of degres +1 and order 2 (4% = 0)] and for

each X€G

~the lie algebra of G--is supplied with the

endonorphisms i, [which is a skew derivation of degree
-1 and order two] and L, [a derivation of degree zero]

such that the following commutative rules hold

Irx,v] =[x Lyl g,y - %

2 iyl

igd + iy = Ly (39)
Note that these imply that [Lx,d] w0
Now we give an example of a real G-algebra. Let us
take the algebra W(G) = AG*®SG* formed by tensoring
the exterior and the symmetric algebras generated by
G. If we agree to give the grading 2p to polynomials
of degree p it is anticommutative. We will use the
notation A(G) (resp. S(6)) for AG* (resp. SG*) in the
following. Now we define the 3 endomorphisms on the
generating elements A'(G) and S'(G): this will define
them everywhere as they are derivations or skew
derivations, Note that any (skew) derivation will be
fero on w°éc) - g We now define i+ for yeal(e),
iweR = ¥0(6) with i,e = o(X) while on s1(6) it
vanishes. (ko)
Lyt for weaN(6), Lyweal(6) with Lyw(¥Y) = w([X,¥]).
For pesi(6), LypeSHE) with (L) (¥) = o([X,¥]) (k1)





[image: image44.jpg]d: Let h denote the canonical iscmorphisa A*(6) »S%(6).
Then for € A'(G), (d-h)weA?(6) is defined by
((a=m0)x,0 = 20 ([X,¥])s for pes(@)
dpeat(e)®s(6) with iydyp = Lo (42)
Note that the last part of (42) means that if
XysXpseeo is a basis for G then dyp; = }3 @3®ij¢i for
©;€5M(C). We refer the reader to Cartan [6] for more
details regarding these definitions. There it is also
shown that the commutation rules (39) hold. This W(G)
is called the Weil Algebra of G. [Note that it is
really G that is important: we ¢an start off with
any lie algebra and do the above construction.]

Now we will define a connection to be a G-
algebra morphism from W(G) to some other real
G-algebra. Hereby a G-algebra morphism we mean that
the entire G-algebra structure is preserved under the
map.

To point out its relationship to the defini-
tion above we first of all see that the space of all
smooth forms on a principal bundle P with group G is
in fact a G-algebra: Denote this space by A(P). Then
ain(P) + A(P) is the exterior derivative. On the .

other hand for each X € G we get a canonical vector

field along the Tibres of P, By taking the interior

Pproduct with respect to this vector field (which shall
also be denoted by X) we define igsa(P) =+ A(P).
Finally Lie differentiation with respect to this
vector field yields us the third endomorphism. A1l
the equations of {39] are valid by standard results--
see, e.g., [17].

Now take any G-algebra morphisa W(G) Sa(p).
Being an algebra morphism it is determined uniguely
by its values on 41(e) and 51(6). But by (b2) for
any g = hy € S1(Q) we have fp = £(ny) = dfy - £(d = h)y.
Hence it is determined simply by its restriction
41e) $43(p).  1his restriction commutes wit Ly end
with the maps i,121(G) + R. Thus if Wy stigeees is &
basis of G* = A1(G) then £0y) 9 2(wp) s ee will give us
smooth 1-forms on P which are equivariant under the
right action of G [ £ commutes with Ly] and also
transverse [ f commutes with iyJ. Then ker 2(wy)
0 ker £(wy) ... will be the required n-dimensional
smooth plane field which is transverse to the fibres
and yhich is preserved by the group action. Thus we
have rejoined the standara definition of connection
recalled above. One can of course retrace the argus
ments back and interpret any such plane field as a

G-algebra morphism.
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[image: image45.jpg]The restriction map s1(a) Lr42(p) can be
interpreted alsc as a G valued 2 form on P which is
equivalent under right action of G. It is the curva-
ture of the connection f. When we are thinking of P
as foliated by the fibration we will write Py to
distinguish it from the normal case when P is foliated
in codimension ¢ by using the given foliation on M.

Proposition 32. The image of st(g) 5 A2(p)
Lies in a2(Pp).

Proof: The proposition simply states that the curva=
ture form is horizontal. QED

#We shall say that a connection W(G) ..f, A(P)
is a Bott Connection if the image of its curvature
nap 51(6) £ 4%(P) lies in 42(P), i.e., if the curvature
is of filtration > 1 with respect to the codimension
¢ foliation. By the remarks made above this agrees
with the definition used in section 19A. On the other
hand the principal bundle P shall be called invariant
if we can cover If by trivializations of P in which the
coordinate transformations u;n Vj -+ G are constant on

leaves. We shall also set up the 1-filtration of

W(G) by saying that an element is of 1-filtration » i
if it lies in the subspace W(G)@s?1(a), i.e., all

those things which contain polynomials of degree » 2i.
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When we are considering #(G) with this filtration we
shall write it as (1)W(G) and (1)w,(G) shall denote
things which have 1-filtration 2 i.

Proposition 33. The differential diW(G) -W(G)
preserves the (1)-filtration.
Proof: This follows by examining the definition of

d.

The dual of prop. 30 is not!the follewing.

Proposition 34. 4 principal G-bundla P is
invariant if and only if we have a connection
£1(1)W(G) + A(P) commuting with the filtrations (i.e.,
a Bott connection). '

We now examine in more detail the relationship
between the structure of the invariant bundle P and
Bott connections.

The isomorphism classes of principal G-
bundles over il form the set Hl(X,GS)—-sae, e.g.,
Hirzebruch [15]. Choose now an element é of the
cohomology set H'(M,Gy). Then if £ is an é-Eot‘t
connsction we emphasize its relationship to & by
writing £(£).

Provosition 35. All ;-Eoct connactions
2(£)1(1)W(G) » A(?) Lie in the same 1-chain homotopy

class. -





[image: image46.jpg]Proofs Let £;,f, be two such Bott connections.
Choose a cooyele (U, Uj n U g;;? 6) of & in
which both f; and f, can be represented by connection
matrices of filtrations ». We now use the 1-foliation
of HxI (see section 9), i.e., we foliate MxI in
codimension ¢ in the obvious way. We will have the
principal bundle Px I sitting above MxI in the
natural way. Now we can define a third connection.
FI(W(E) + (DA(PXT) as followss (F(p)(67K) )
= (2 (0) + (2,0 - 1) ))(x) ana
(P(e) )(P% 2) = 0. Here X is a tangent vector to P,
6; = P » PxI is x»x,t and 2 is the standard vector
on I. Further geAl(G) and Pl » PxI is tebx,t.
Since it obviously commutes with ig, lg, for all
g€g, this definition Fial(G) + A1(Px 1) extends to
a G-algebra morphism. One sees that with respect to
the cocycle above the connection matrices of F will
also be of filtration » 1. So it is in fact a Bott
connection. We now define the chain homotopy
s1W(G) »+ A(P) of degree -1 by the formula

s(p) = J': 671, F(p)at for all peW(G). Just as in
o i .
section 10 we compute (ds + sd)(p) = Io 6, a1, Flp)at
1 3t
+ _['o d; 1, 43(p)dt since dgf = 6%d (% d commutes with
3t
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induced maps) and F(dp) = d(Fp) (7 P commutes with d).

Iw

Hence the right hand side equals u‘{ L. Flp)dt.
Yo

o
o

For g€ at(G) it is clear from the definition of ?(p)
that it equals £,(9) - f,(m). Again for pesl(c)

the curvature map #:51(6) + 4%(PxI) is given by
Flo) - £,(0) + t(£5(0) = £,(e)) + ) - 5,097 A at
where the bar denotes horizontalization ([17],

P. 76=77). (We use the projection PxI - P and think

of £,(p), £,(p) as forms on PxI.) So L, of this
3t

is £,(p) - f,(p) + forms containing dt. Hence

6iL, is just f,(p) - £,(p)+ Thus the relation

et
ds + sd = fa - fl holds. Finally from.the definition
of s it is clear that it preserves filbration. So s
is the required 1-chain homotopy, in the terminclogy
of section 9. . QED

An immediate consequence of this result is

that for r > (the induced spectral sequence maps
f(§)x(1)Er(G) + £.(P) do not depend on the choice of
the Bott connection f. We can record this as
Corollary 36. Bach invariant structure & € KM(it,Gp)

gives us a well-defined map

E&Er(s) +EL(P) forr>1 (43)





[image: image47.jpg]Now the dual of Proposition 31 of section 194

is the following
proposition 37. 4 bundle g€ K Oi,6,) is stiff
if and only if the map 4xs’1~'1(s) % Ei'l(P) vanishes.

This map becomes simply [01,1] if we interpret

QED

Proof:
it in the definitions of section 19A.

In the present terminology 2 connection

£:W(G) » A(P) is callsd an jnvariant connection if the

image of its curvature map Ti57(Q) A%(P) lies in

(Note--by Prop. 32--that any coanection is

23
iation of P arising

invariant with respect to the fol.
We now define the 2-filtration

from the fibration.)
of W(G) by setting (2,5 4 (0) = (2)¥p(G) = (1)W;(G)+
It follows from Proposition 33 that the differential

d of W(G) also preserves this filtration. The

following proposition is obvious from the preceding

developments.

proposition 38. A principal G-bundle P is

stiff if and only if there is a connection T:(2)W(G)
4 A(P) commuting with the filtration (i.e., an
Invariant connection).

Further a detailed examination analogous t?
rake an element &€ H' (1,Gp)s

the above is possible.
To emphasize

and let f be an @-invariant connection.
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this relationship we use the notation £(d).
Proposition 39. All g-invariant connsctions
£(8):(2)#(G) » A(P) lie in the same 2-chain homotopy
class.
Proof: We proceed exactly as in the prcof of Prop. 35
except that we now employ the 2-foliations of MxI (see
section 9). With this change P will also be an
invariant connection. Now the chain homotopy S will
disturb filtration by one unit. QED
This result.generalizes a well known theorem
of Weil. First, we see that the induced spectral
sequence maps £(6)1(2)E.(G) ~ B (P), for r 3 2, do
not depend on the choice of the invariant connection
£(6). We thus have the following.
Gorollary b0. Each stiffness structure 6€ K (1,0,
gives us a well-defined map
G1(2)Ep(G) » EL(P), for r > 2. (44)
To get the classical case we assume that we
have the point foliation on M. One can see easily
from the definition of the Weil algebra that
(2)EZ'°(G) are simply the symmetric invariant poly-
nomials of G--see [6]. Also it is clear that
£;°%(2) = E() s and so, for a point folistion |

.0 =
E.*%(pg) = H'(M). Thus in this case §i(2)E,"0 +H" ()





[image: image48.jpg]is simply the Chern Weil homomorphism. Note that for
a point foliation G, = g and so 8¢ H'(M,Gg) is any
differentiable structure for P over k.

Kamber-Tondeur [16] also interpret Weil
morphisns as spectral sequence morphisms, but they do
not give the homotopy invariance results (Propositions
35 and 39).

We shall end this section by pointing out that

one can employ the Chern-Simons modification in the

above discussion. If £ = W(G) ~ A(P) is a Bott connec-
tion we note that £(W,,,(G)) = 01 thus we can "throw
away" terms involving polynomials of degree > 2c.

More precisely we replace W(G)--whenever we are

dealing with Bott connections--by the quotient
#(G)/4.,.,(G). The rest of the treatment is precisely
as above. The advantage of this is that though

E,(G) = 0 without truncation (see [6] where it is
shown that H(W(G)) = 0) E(G) # 0 with this mofication.
In fact one ;:an compute E_(G)--with modification-~to
be equal to the Gelfand-Fuks cohomology of the formal
vector fields on R° [See, e.g., Theorem 2.1 in
Guillemin's paper in Advances in Mathematics, 1973].

In fact Godbillon, Vey, Bott and Haefliger have

approached the problem of understanding the "exotic"”
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characteristic classes from the viewpoint of this

Gelfand Fuks cohomology.

20. Now the most important example of an invariant
bundle is the bundle D' = T® of covectors which kill
the involutive distribution D « T. 4ny connection on
2 subbundle of T or T% can be extended to the whole
bundle; it is such linear connections=--i.e., connec-
tions defined on the principal bundle L(N) of tangent
frames--that shall concern us now. We shall not
assume that D is necessarily involutive. Any connec
tion on T* reducible to D*, such that the cxc part of

»r.t. D shall be

the curvature is of filtration i

called a Bott Connection. Here if 03 is the curvature

its cxc part is given by i,j > c.

Provosition 1. Any connection on T* which
is reducible to D* and which has zero torsion must be
2.Bott connection; and then D is involutive.
Proofs Without recalling the definition of torsion
we simply recall one of the consequences of ‘zero-
torsion,' viz., the equation

48 = 4(ve) (&s)

[See Cor. 8.6 in Kobayashi and Nemizu, Ch. LT o <
Here A denotes alternation and Vv denotes covariant

differential. Now use this equation with ¢ a section

©





[image: image49.jpg]of D* and X € C™(D), Y€ C(T)s
QW(,Y) = 3 (VW) (X,1) - (V) (1,0)]

= H(Tyw) (X) = (V) ()]
Since our connection is reducible to D* both Vyy and
Vyw are sections of D'. Thus (Vyw)(X) = 0. Thus
(7,0) (¥) = -2du(X,Y) (46)
whenever € C*(D*), Y€ C™(T). But eqn. (46) is pre=
cisely the condition by which Bott [3] first defined
a connection whose curvature has filtration » 1j
provided D was involutive. But if we take Y€ C°(D) in
(46) we get dw(X,Y) = 0, i.e., w([X,¥])= 0 (as
w(x) = w(Y) =0) for all we c™(p*). so [X,¥] € D
proving the required involutivity. QED
The proof exhibits clearly the following
Corollary k2. T# admits a connection reducible to D*
and obeying (46) if and only if D is involutive.
We shall say that a connection on T* (resp.
T) of zero torsion which is reducible to D* (resp. D)

is a Walker connection; for the reason for this name,

see [37]. Then we can extend the above corollary to
the following

Proposition ¥3. A Walker connection exists if
and only if D is involutive

Proof: Clearly it suffices to prove that a Walker

connection exists on T when D is involutive (T,T* are
associated to the sampe principal bundle: the induced
connection on T% will supply a walker connection there).
Denote by T' the fiber-bundle with fiber il“B. structure
group Diff (R™), and coordinate transformations
roooptoaxd e ol afd e %))
BY I 338 aXY axt | a3PaXY ax

as we go from local coordination x; to Ia. A linear
connection is a section of . One has the relaticn

vy %‘Z;) . (48)
ij ;
with the first definition. [See Kobayashi and Nomizu,
[17], Ch. III, section 7 for more details.] Since we
want our connection to be reducible to D for

1 €1 <1 the RHS should not contain terms with k > 1.

So
r‘;i-ofork>1.151 (49)
while the condition for zero torsion is [op. ¢it.],
x X
Ty ~ ¥y (50)
Both these conditions are compatidble with (47). Thus
i (
we get a subbundle W of T whose Tiber is gCL(6*1)/2,

Choose any section of the same. Q

This proof is due to Willmore [38]. Using

the equations (49) and (50) above we can given another





[image: image50.jpg]proof of the fact that a Walker connection must be a

Bott connection (Prop. 41). In fact if one puts [17],

&t -ﬁ-%e’rtri - rf.rt (51)
ks " 7k T o sifkt = TkjTae e 5

then the curvature matrix is .
1B, R s
Qf = Rjggdx” A ax (52)
in the given coordinates X ,..s,x, compatibdle with

S
3 <15 teer, 0} - 0 for these values. Using (49) and

the foliation, Using (49), R§K “0for i1,

(50) one sees that Ry, = 0 for i>1, j>1, and
k.8 < 13 iee., for i,j > 1 the 2-forms n% are of
filtration > 1. QED

We call a connection which satisfies the
hypothesis of Cor. 42 a basic connection. For a linear
connection

Walker = basic = Bott.

So far we have looked for cohomological obsturction
by using Bott connection only. By proposi;cion 41 it
seems reasonable to see if a Walker connection leads
to anything new.

For this purpose we reformulate prop. 43.
Given a subbundle D = T let P = L(M) de the principal
bundle of frames whose first 1 entries span D. t};a

group of this bundle is denoted G ( all automorphisms

o
@

B™ o 2P keeping 8% invariant). The bundle o
framers A(M) is a m-dimensional vector budnle over
L(M). Let P denote the part sitting over P, and &
the group of B. It is clear thatQ (%) = @' (G)® gD

with @'(G) a Lie subalgebra of @'(§). Let y be the

connection form and denote by exg_"‘ - AI(P) the

canonical form, i.e., for atangent vector X at

(x3 el,...,em) of P where x€M and €grecesey is a
basis of T, the vector 6;(X)ey + oo0 + 6 (X)e lies
under X. So  and § gives us a map Al(C) ('ﬁae) AL
and (= ®) and 0 give us a map S2(G) 9 4%(p). Thus

we get an algetra morshism. W(G) 290 A(p). igain
we have the connection A(G) (948) 4(p) and the relatea
Weil map.’

Proposition &4. D is involutive if and only
if the algebra morphism #(8) (922 4(p) can be liftea
0 the Weil map W(&) (©39) 4(F) for some w.

Proof: By prop. 3.4, Kobayashi and Nomizu, section 3,
Ch. III [17] the curvature ) of (w,8) sits over
0 +® where @ is the torsion. Now we use prop. 41 QED

Suppose more generally that on L(M) we have a

torsionless connection which is reducible to a sub-

bundle with fiber G, a subgroup of GL(m). Then we

say that we have a torsionless G structure on M. The

e
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study of such structures covers most of geometry. (By
prop. 43 a foliation is such a structure.) The
problem of finding necessary conditions for a torsion-~
less G-structure to exist is of great interest. (The
Bott vanishing theorem S\hould be seen in this context.)
According to a result of Cartan, Kobayashi

etc. [18] if G is one of the groups

GL(m), O(m), CO(m)s GL(1,m), GL(1,m,k) (53)
we always have such torsionless connections (affine,
riemannian, conformal structures; flows, parametrized
flows respectively). Such structures shall be called
trivial since there is no obstruction. Conversely it
is known also that if all G structures on M can be

made torsionless, then, for m > 2, G must lie in

the above list (53). In fact for the group O(m) of
automorphisms of Km preserving a non-degenerate
scalar product we know more: every 0(m)-structure
can be made torsionless by a unigue connection and
conversely if every G structure on M admits such a
unique zero torsion connection, then G = 0(n).

Another famous torsionless structures occurs

: B
when G is composed of matrices of the type (§ 2

This is called a complex structure on M. We suppose

m is even; this subgroup of GL(m) is called cx(g,g).
Again, 1f out of these matrices we take those which
are orthogonal we get a still smaller group U(D). &
torsionless structure with this group is called a

Keehler structure. It is known that then we have a

closed 2-form which represents an integral cohomology
class if and only if the manifold is algebraic

(Kodaira's theorem). These examples thus show the

great importance of torsionless G-structures.

By an integrable G-structurs we mean that we
can cover M by charts so that the jacobians lie in G.
The Frobenius theorem thus says that a torsionless

GL(1,m) structure is an integrable GL(1,m) structure;

while the Newlander-i berg theorem makes the same
statement with the subgroup GL(%.Q) . But 2 torsionless
0(m)-structure is of course not integrable: we need
the vanishing of another tensor, the curvature tensor.
The general problem of finding necessary and sufficient
conditions for the integrability of a G-structure {in
terms of vanishing of certain tensors) has been

pursued by Spencer, Guillemin [14] and others.

21. 1In this section we will show how the existence of

certain torsionless G-structures enables us to construct

certain 2-parametrices.

100

é
b
i
E.





[image: image52.jpg]101

a. As before, let Ii be foliated. So we can
assume that we have a torsionless GL(1,m) structure
on M. Now the Lie algsbra §L(1,m) of this group
consists of homomorphisms R® + B® which preserve Rl.
(We think of B® = R @ R® as usual.) We now define a
smaller Lie algebra §(1,m) consisting of

homorphisas R® = & whose image lies in R-. We assume

that we have a torsionless G-structure on M where G

is a lie subzroup of GL(m) whose lie algebra lies in
'q(l,m). (Examples If there exist ¢ globally defined
vector fields 21,...32: transverse to the foliation
such that we can cover I by neighborhoods

x

- B
oo Xy such that axl,..-,axl span

L LR R

3 = -
D, E:; = xl""'BXm %oe) Let Q be the principal

bundle in question (it is a sub-bundle of the bundle
P of frames compatible with the foliation)j then we
shall foliate Q by pulling back the foliation on M.
Points of Q are of the type (x;el,‘..,em)
where X €M and egreenrey is a tangent frame for Tx'
For each néR™ we now define a vector field 7* on Q
in the following way: w* at (xxel....,em) is the
horizontal vector which lies above mye; + eset “me;a'

(In the terminology of Kobayashi and Nomizu, m* is a

canonical horizontzl vector field.) Let us suppose
that our connection is complete, i.e., that the vector
field m* generates a one parameter group F(mt) of
diffeomorphisas of Q. (r €8, F(nt,) e Fnt,)
- F(nty * nt,))e For T = 1 this gives the diffeo-
morphism F(n) of Q.

Pronosition 45. For each n€R™ the diffeo-
morphism F(n)1Q » @ maps leaves into leaves.
Proof: For each A€§(l,m) we get a cancnical vertical

vector field A* in Q (see e.g., [17]). And if

5
h

the tgt. space of fibres. By Prop. 2.3, Ch. III of

Ayseenrhy is a basis A7...AF shall be a basis for
[17] we have the relation [A*,r*] = (Am)*; and since
torsion is zero we see from prop. 5¢%, Ch. III of
[17] that [n’i‘,n;] is always vertical. Since

£ ¥ A% "
[a%,15] = it Eot)a7= &% ana anert the first

equation tells us that F(nt) maps A* into a vector
tgt. to a leaf of Q. The second says that F(nzt)
maps % (for m, ¢RY) into a vector tgt to a leaf of
Q.’ Thus the proposition follows. QED

Now on Q we have a complete global parallelism

(in the sense of p.&6) given by -
FiR"% 4(1.m) » (1) (%)
where F(n) = m for ne g™ and F(4) = A* for





[image: image53.jpg]v > sition we have seen
Aeg(x,m). By the above propo :
On the other hand if

N &
nert, [A%,] = (Am® with An¢E

"
*
A, €G(1,m), ;.255(1@) we have [A]sA5] = [4y045]
o s
with [A;sA,] € 5(1.m). Thus the vertical vector
pi

. n
that F(n) € CJ(TQ) if n€R".
3 and if

fields A* also preserve the foliation of Q, so the
= ing as on pp. 63~
image of (54) lies in Cl(I‘Q). Arguing

pp.68 we obtain

proposition 46. Suppose that a compact mani=
Proposition 2

h
fold M has a torsionless G-structure such that the

Let Q denote the principal
Then--

1ie algedra § = §(L,m).
‘bundle, and let the connection be complete.

with respect to the induced foliation on Q-=we can

£ind a 2-parametrix AQ—’; Aq by putting

5 L (55)
i F(ot)¥p )£(0)dedt

.[ (1§ (e%) )

gmeg(l.m) 1%
Here F(8).= Fl(e) 4 Ft(e) is the one-parameter group

™=

of F(8) in (64). Thus we have 1-s = dp+ pd where

s 3
4he smoothing operater ‘\Q—’Aq is given by

s = F(8)*w+£(8)d8 (56)
R"9¢(1,m)

mooth function with sufficiently

Here £(6) is a s
m
small support near the zero of R'@ % (Lom)e
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We have already pointed out in propositions 21
and 27 the relation between the existence of a 2-
parametrix and finiteness and Serre duality. Note
that although Q is not compact, its cohomology can be
calculated using forms having a compact support; and .
the map s will be compact on the space of such forms.
Another remark to be made is that B,'°(Q) = 25000,
Hence if the foliation arises from a torsionless G-
structure with §e §(1,m) then B,'%(w) is finite
dimensional.

b. We now consider the more general case of a

torsionless GL(1,m) structure (i.e., 2 foliation), with

the bundle P of frames. Note that gL(l.m) decomposes
as %(l,m) (2] gL(c) where both parts are Lie algebras
and the first part is preserved by brackets with

respect To the second. Choose any basis Aysesesdypd
Bl,...,Bcz of L(1l,m) agreeing with this decomposi-

tion. Also choose a basis MyreeesMi Broees, 8 OF

R™ agreeing with the decomposition B® = 8% @ &°.

We define D to be the 1+1lm dimensional plane field

* 5
spanned by AI,...,Alm; ":"""ﬁ . Then the following
proposition gives us a 1+ 1m dimensional foliation

of P sitting over the foliation of M

- Proposition 47. The plane field D is
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involutive.

Proof: e know that [A;,AE] = [A;,45]" and that
[a%,] = (am™. S0 it only remains to show that
if m e, € 2% then [, 3] is a linear combination of
the wf and A}. Since torsion is zero, by 5+, III,
[17], this is a vertical vector. Hence it is enough
to show tham([n‘;.n;]) lies in §(l,m). Herew is
the connection form, and obeys w(A*) = A. But n"l'.n;
being horizontal vectors we see from 503,11,{17], that
o[} emp)) = 20077 (57
where () is the curvature form. But the cxc part of
Q is of filtration > 1 vy Prop. ¥1. Hence the right
side lies in §(1.m). QED
Now the question arises whether F(n)sP » P
preserves this foliation of P. In general it cannot.
But if the normal bundle D* is stiff (see section 19),
then this is so. Then one can assume that our torsion-
less connection is invariant restricted to o'
proposition 48. F(n)sP » P maps leaves into
leaves for each né S_m, if the connection is invariant.
Also the same statement is true for the diffeomorphisms
P(A)1P » P for any A€ gL(1,m). (Ft(A) being the 1-
parameter group of A*.)

proofs In this case the cx¢ part of the curvature is
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of filtration » 2. SO the RHS of (57) lies in g(1,m)
$if nleg} and m, €% Hence [n.73] is equal to A%
for some A€ f’z(l,m). Again if A€ §(1,m) and n¢ i
[A*, ] = [An]* with &ne Rl. These 2 remarks give
the first part. On the other hand if aedl(l,m)
and ne gt then [m#,4*] lies in D being equal to
-(am)®. And if 4, si;L(l.m), Azeg(l,m) then
4y 04p] € §1m)=-or §(1,m) is an ideal ingl(1,m).
This shows that [A],A3]€D. And thus we have the
second part. QED

Note that foliations which can be supplied
with a bundle-like metric are a fortiori invariant,
but the converse is not true.

proposition 49. In case the foliation is in-
variant we can find a smoothing map ,\PEMP which
preserves the foliation (tgt. to D) together with a
paraemtrix Ap B, 4p which aisturbs the filtration by
one unit. These are related as usual by 1-5 =dp+pd.
proof: Use the formilae (55) and (56) with RT@§(1.w)
replaced by gma;gL(l,m) together with the discussion
of pp. 63-68. QED

Again this 2-parametrix will have the familiar

consequences regarding the finiteness of the E, terms

of the foliated manifold P.





[image: image55.jpg]Let us notice that prop. 48 implies that all
the leaves in P are diffeomorphic to each other. In-
" stead of P we could work in the bundle P' of frames
mod D (i.e., the principal bundle of T/D), where this
foliation would collapse to the horizontal 1-
dimensional foliation; for each n€ R the canonical
vector field m* in P' will preserve this foliation.
This yields a theorem of Reinhart [27], Molino [21]:

any foliation which can be provided with a complete

invariant connection can be covered by another folia-

tion of the same dimension with diffeomorphic-leaves.

c., Let P be a principal bundle with graph G
sitting over M. Now G acts freely on P from the right,
and so for each a€G we have a diffeomorphism.

RaxP -+ P. We denote by Ap the vector space of smooth
forms on P, and by Ag the subspace of right invariant
forms, i.e., forms ¢ such that Riw = u for all a€G.
Clearly if R¥w = w then R’;dm = 0, SO A; is a subcomplex
of Ape

Now let us equip G with a left invariant

normalized Haar measure u(g). Then we define a linear

map Ap = Ag by

Avy = jG Ry(e) (58)
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(We will assume for the time being that G is compact--
which is a severe restriction. Later on these
definitions will be amended for more general cases.)

% .
Note that RY(Avy) = Ic RyRuu(e)

= J’G REuu(e) = jG 2 (w)u(2g), as the measure is left-

invariant, and so equals Aveg: thus Ave is
right-invariant as stated above, Also from (58) it
is clear that 4
a(avw) = Av(dw) (59)

It is clear also that Av is a continuous map.

Suppose given a parametrix for A,, i.e., 2
maps A % A, such that s is smoothing e
1-s = dp+pd. Then we can define 2 maps Ag %; A DY
s' = AV p. By virtue of (58) it is clear that we
will still have 1-s' = dp' + p'd, and also s' will
be a smoothing map. In other werds by composing with
Av we can turn a parametrix for Ap into a parametrix
for’AG.

(When G is not compact we take a Haar measure

on G and replace (58) by

ave = lin —1— [ Rfwy(g) 158)
iwo logt ey B

where G; is a finité measured subset of G which = G

10





[image: image56.jpg]as i » . Clearly the limit will be finite if we

work only on bounded forms in P, i.e., we have 2 map
AV:A:M + Age The equation (59) will also hold. By
composing with Av we'll be able to change any parametrix
on A;dd to one on AG')

We now return to the case which was being
treated aboves M is foliated, P is the principal
GL(1,m) bundle of compatible tangent frames and is
also foliated by the foliation of prop. 47. Let us
assume that we can find a parametrix (s,p) of P such
that s preserves the filtration while p destroys it by
one unit (we accomplished this when N carried a
complete invariant connection). Then the following
proposition will allow us the same kind of parametrix
on Age

Proposition 50. The map Ap f‘l’)AG preserves the
filtration given by the foliation of prop. 47.

Proofs It will suffice to check that RoiP » P
preserves the plane field D, for each g€G. For
nerl, Rg(m) = (g7'w* (2.2, 11T, [17]). Since

e lecn(l,m), gln will lie in R* also. On the other
hand if Aefi(l.m) , then A* €D. Let w be the connec~
tion form on P. We have w(RgA*) = ad(g”)u(A*)

- aa(g”l)a. (By 1+1, II, [17]). The last term lies
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in €(1,m) as §(1,m) is an ideal in €L(1,m). Hence the
vertical vector R A% lies in D. QED

Let us denote the spectral sequence resulting
from pg by F‘r(PG) + The existence of a 2-parametrix
for Ag gives us Iiniteness information about EZ(PG) »
e.g., that £,°%(y) is finite dimensional.
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