
REVIEWS au 

CYCLICl COHOMOLOGY 

Thie WMS introduced in Connes• areat ~aper nNon-commutative 
but w,e will look f irst at his later Cerrtpte.s- R•ndus version. 

0~1,ainally he bad used a variant 'of the Boahac:htld 
cllractlv to alaebra cochains which are cyclio. N<>w he spl i ts u.p -t,)i 
e:onatruction neatlv into 2 parts: an alaebraical part 
vlew-ed as an abelianization, and the remainina purely 
part. " 

The key idea which emeraed from this analysis is 
wlt.h degl'eea ahould be replac:ed by a mor-e 
precisely, instead of workina with ai.Mplicial object.a~ 

froa tha ceteaory A of numbers, we work wlth cyclic 
fwictors from the followlna biaaer cateaory A. 

<A> Cyalic cat.egor-y ot nUIRbeNI A. I ts ob j ect s 
th•re will be more morphisms than before. 

l'ö d:e:/ine these morphisms, lets reaard n not as the totally or.1•4 ••t 
{tl, 1, .. ,n), but lnstead as the f ollowina subset of the uni t cirele of 
the complex plane. 

n = A n 
1 .{0,1, .. ,n,a} c S c C. .n.:: 

t 

~-1 ll•r• wn+l denotes the (n+l )th r-oot. ot ~t.y exp(n+l ) • and "n 
choaen real between p and n+l. The remainina elementa of n conati'tWte 
tbe c:ycllc gl"oup of (n+l)th roots of unity which · will be denoted 1)~ 

zn+1 · 

II• equip s1 with the counterclockwise orienta.tion. 
~aaing cont.inuoim degr-ee t map 

.; : 51 ___,.. 51. 

suhjeet. t.o t.he condit.ion f/(Zn+l) s Zin+l. The mor-phiSIMa 

f: n .__. m 
.„ 

will bi homot,opy cJ.asses [f/1] of such maps fi. The reetl:'iction of t/> 
Zn+l' which obviously depends only on its ·homo.topy claes f. vill 

4.enoted by 

a con.s-tant m.ap. 
• e f haa to 

„ 
f con.uer&"el~ determ:lne~ f Thi 8 f o-l 

be conetant on th~ circular 



corresponding to the c:y•:::lic: p.ai•t_.it.i.on 

2 = n+l u . '"'? 

J<«: rn+ 1 

II 1 
( f ) ( j ) . 

II 

Anä. th,.:•rf:• .--u~P< „._..:cu tly n+l f ""- .- 01 t·e~.'{1 _;ndi.n:=: to a . ,_,n.-=-·tant f. because 
now a 41 ~ f is constant on all but one of 
intervals determined by ~ 

1
, and the irnage of 

1 n+ 

the n+l equal circular 
this exceptional interval 

is all of S . 
„ 

If ~(n ) ~ a then, cohsidered as a map from {0~1 •.. ,n} to {0,1, .. ,m}, f 
n ro 

is 1·i_.1•eas ng, and all such increasing roaps {0,1, .. ,n} {0,1, .. ,m} 
II 

occur as such f 's. This suhcat.~go•"Y l:. ü'i' A is thus isomorphic to the 
category of nurobers consldered before. 

Any f can obviously be represented by 
,P(v• ) '=' nt • precetled by a 1··otat~Vu·1 Z 

1 

the composition of a ~ satisfying 

n m n+ 
__..., ;;: 

1
. The s:uhc:at,ego1··y K f A 

"+ group automorphisms ! ] i. e. K will consist of all such rotations [nc.t 
cons ists o f al 1 i&omo1•phisii~ o f the 
factorization is unique upto horootopy we 

ca t egory A . Sinc e such a 
thus see that 

A = .t.K. 

Connes also gives a dual splitting of A: see comment CL) below. 

(8) Cyc:lic vec:t.01·· s:p&c...::t:!s. By this we 
of vector 
functors 

mean any covaI:'iant functor 
functor from A to the categoI:'y 
natural transformations of such 
,~ vc- Z fr. ut-t.. t or .S.'f-')GL:f? r.:• ut;,,:.r !F . 

spaces over f ield U- The 
y i eld the , at~· .;<H·\> ,.., f 11ll 

The example b1Jlow, which constitutes the afoI:'ementioned ahel:f.anlzrlt.io11, 
will show that cyclic cohomology of algebI:'as is only a special case of 
the present more general theory. 

cy•~U ~ s:pa(Je A # as t'ollows: 
j 

The vectoI:' space associated to each number n 

prudu~t nf A, while the linear map 

is A #•.-' -
n 

the n .fold 

associated to an f: n jo, Ul is given by 

where 
order 

j-·m 
0. 0 j= 

[mn~d irnportant ! J the algebra 
dictated by the orlentation of 

cn „ 1 x. ) • 
i" ( f) - ( j ) l. 

product n is 
the circle. 

to 
Of 

be taken in 
course, if A 

the 
is „ 

commutative, this last polnt is of no importance, and then only f 
matters. 
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Being now in an abelian category [of cyclic vector spaces] we can talk 
of cohornology, and the calculation of the ""'c-' oth r <-•hum.ulu~y is very 
easy. 

P1··oposit~lon 1. 

fr·ao=·s o f A. 

-· 
Here Hom is in this categot"'y of cyc·lic vector spaces, and t:1··ac:e o"f" A is 
any syrnmett"'ic multilinear rnap from A into IF. 

In the original construction cyclic cohomology arose as a generalization 
of traces, so the ab ve suggests the following. generalization. 

Theo1~em 1. Th• c.; ),_ hc cohom.olos_> of A i.s n•-zt t·al.l_> i~>:•_•mort-~hir tn t/~„ 

-::- •h!.-tnnlo"" i u f A :ff._ 

Here of course we 

theoretical sense, 
# # HomA (A ,IF ) . 

are speaking of cohonH>l gy of A # in i ts cat egot'y 

i. e. as the d~r·l e-d Ext~ (A # ,IF # ) o f 

To prove this theorem Connes will show that these der-ived functors, of 
the category of all cyclic vectot"' spaces, can be computed 
combinatorially in such a way that, for the case of cyclic vector spaces 
ar i s lng f rom algebt'as, one t'ecovet's the ot'iginal d ef ini t ion o f cyc 1 i c 
cohomolosy of alg~bras. 

(C) The d_ :ibl ~ Liomplex C· To any pair of integers (n,rn) in the closed 

flr·st quadrant we associate the cyclic vector space CX1 spanned by all 
morphisms of A having domain m. 

Here the cyclic 

associated its 

structure of cm is 

b Cm d su spac e k spanne 

the obvious one: to each number k is 

by al 1 arrows 

each f: k--+ k' is associated the linear map C(f): 

ending in k , and to 

c~ -r c~' def ined by 

composition. For example each basic ~o~~tion wm+l:m • m gives a linear 

isomorphism cc~ ) of cm which rnoves only the summand cm 
rn+l rn „. 

dl 
For- m even, t~he hcn•iz.&ntal di"f"1'e-1-.e-nt.i.ahs (n,rn) (n+l,m) will be the 

cyclic vector space maps [in Cm which equal Id - CQ"..urn+l) for n even, 
2 m -and Id + C(• .... 'm+l) + (C(wrn+l)) + + (C(wm+l)) for n odd. For rn odd, 

we replace each C(wm+l) in this definition by -C(wm+l). 

The,• d
1 

hom••Zo,,;; 

One can think of this as cyclically 01~ient.ed c:ha.in.s, i ts dual being the 
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cycllc ca. chains . 

(n,m+l) 
th e v~r-t.ical dlf":f"ei··e-nt.ials ldz will be the cyclic vector 

(n,rn) 
~ 

space rnaps given by the alternating· surn, fr·om 

Cm+l ~ cm. vector space md.ps C(F. ) : ~ induced 
1 

0 tu m+l, of the cyclic 

by composition from the 

t~&ce maps: F . : m ~ 
l. 

i. e. the monotone injection which forgets the 

do i t h s p o t o f m+1 • n odd, replace C(F.) . by -C(F.), 
l. 1 

and also 

summa t ion onl y f>··om. 0 tü m. 

Thus for n even the vertical differential 
while for n odd lt is slightly different. 

is the 01··dina1-.y cobounda1„y , 
The point is that, t..dth the'f;'-? 

deftnittun.s., on~ has: th~ ;·~·1ui.s:ite ;··elation . .=. , 

Thus the homology of the double complex coincides with the ordinary 
h.omology of the cyclic chains. But this is easily checked to be chain 
complex of a ball, so one has the following. 

Pr-.opo.sit,i n 2. The aboue doubl~· c~:nn.pl-=-x C is a .proje-(_f1ve resoluti;·,n of 

the tr-i.<Aal .~)>Clic. vectt·,;- Sf':>Ci<~€- rr#. 

* The du~! dcuh!e C(m~p!ex C is thus an injecti~1f:.- r·f:•.!.'ulutl.an. o f the 
trivial cycllc vector space. 

T.Je can now cornpute f OI"' cyclic vector # ExtA ( E ,IF ) , 

* calculating the cohomology of the double complex HomA(E,C ). 

space E, by 

In particular this can be done for E = Al, but still. 
one needs [ i t seerns] to check that th.:. f".h•s:it; 

to prove Theorem 1 
spect1··a.l se-quenc.:e 

1 
the d -cohomology d.=agenerate at th.e S.'t=t(.J1nd t~r-m in the follou.ri.ng u.u::ty : 

of HomA(E,C*), E = A#, is trivial outside th.e first 

i ts e 1 f i t was so, becaus e the 1:.'\>C lir· a,~ t·iun u.;a:r,.· t·i··e~ 

all E (of type Ai)? 

column ? * For C 

i.s t h i s s 0 f 0 (' 

(f)} Connes:i> ~xact. sequence. 
his f amous 

To wind up Cannes also formulates a 
works with gener-allzatlon of exact sequence but he 

ExtA (Fi, E) 's only: is t.his so because these ExtA (~ ,E) and Ex~ ( E, r:# ) 
are dual In aome obvious way ? 

The connec:ting homor1u:n•phism will be the degree 2 roap 
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k # k+ 2· # 
S: ExtA (F , E) ---ct ExtA (F , E) 

avai labl e becaus e o f the obv i ous per-i od i c i ty (n, m) ~':---+ ( n, m+ 2) in the 

double complex HomA(C,E) whose cohomology is ExtA(F#,E). 

Pl"opoe.:ition 3. The 2 
d <-öhonu:iltJs~' o f th.€' doubl~ com.pl>Px. HomACC,E) 1..S 

thto r'2'-mai.nin:ff ev,::;.n colwnns Vi.<!?-ld th-::-

<1;··dinarv c» f E l~f?§a1~d"'°d a.~;: a .s·im.pltt fr:tl .... >e.-·tvr 

spac~. 

In fact, in odd columns, a cochain contr-action is induced by the 
monotone sur- j ect i on n1+1 .---. m whi eh I' epea ts the 1 ast number m+l. S ince 
the even column's verilcal differ-ential is ordipary the result follows . 

Thu.c: hl€'o haue- a s:econd spe-ct.1-.al s:equence t..ih,:1.se first term i.5' the o;··dinar _, 
<.~oho;nolot;y of E and b.;ho.s''1? final t-":!rm U. th.;• <'y"1 Zfr c !..•h.um.ology of E. 

Then, the knight move&;, i.e. second term differentials of this spectral 
sequence, are used to deflne a map, 

k # B: Ext~(F ,E) ---'t 

whlch is of degree -1. 

k-1 # 
ExtA (F ,E) 

Lastly, using the natural inclusion 11 (._ A, one has the 1··est1„ict,ion map 

1: k # Ext
11 

(F , E). 

Thus this long exact sequence is like a Gysin sequence of above spectral 
sequence relating ordinary and cyclic cohomologies. 

( 1) Connes also checks the importan t point tha t the .c:J.as~i.t'ying sp..,.·~e 

of the cai,eg.:::.1-.y A is t.h~ :lr.i·inite comple)o{ p1··ojective s:p&c:e 

< s1 * s1 * s1 * 

T.Je don't remember the definition of this classifying space 
at··ot.he1vlieck, very well tr-eated in a paper of Segal 

cohomology seems to be Ext~ (2# ,2'.#), which Connes shows is 

polynomlal algebra on a deg~ee 2 eleroent. 

idea of 
but i ts 

the r-equired 

Note here that all the definitions of this note work even for r-ings !F, 
and one now speaks of t."'.yclic 7-i·:'lodul~Ei.: etc. 

* (2) Ther-e is also a 5it._1bc.at.~gü1•y A 
oppos::it.e c:a·legor·y of ~ - this is not 
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isomorphic to the 
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form d. ~.;i.tegory \Jith respect to which onE' has the splitting .- KA 
Thus, unltJ."""' ll. tft„ ! atf'•&u> V A • ••• t ._.,,nlor phic. 'tu d~ "f-'f.·1r.1_.•ttt:·· cr1t~5ot \1 

Hence cyclic and cocyclic objects are essentially same. 

~ 

(3) The dual 'Y .lt<. hon<>logy was discover·ed indepcndently, at about the 
same tlme, by T~yg i, who also used an analogous double complex. Also, 
K..i~J)....lt„ov•~ KK thc•oPy, which caroe perhaps even before Connes' definition 
of cyclic cohomology, is closely related: though not explicit in thib 
note, lt seems th.;i.t the:J(;l KK(A.B), 1,1hich we-re or-iginally defined quite 

differently, are, or are closely related to, Ext~CA 1 ,B#) ? 

( 4) rh~.! abot•,:;. dc:n1l1lP !.. ü>ri.pl,:...x c an.d th.e Smith R.ich,;,1Pds:un •,'f?'JU~tH ~·· -· l'_Jj"•p 

t•o1c·1·v ,zo.;-f'"•. itera.ting the uhort SR sequence 1,1e get differentials, like 
the d

1
's above, between a sequence of chain complexes, eacl1 of which can 

• 
be written vertically, so ct 2 compribes of tbe bounda.ries of these 

~oruplexee. Likewise the long exd.ct sequence of Connes is very cloue to 
the long exact SR sequence. 

(5) The above suggests tha.t for d ~lt.'"ted joins ov<"1· s1 
on.e should use 

tlae rotations of the circle to look at cyclic cochains whose cohoroology 
should contain obstructions to embeddability coroing from repeated 
applicatlons of the connectlng homomorphism S ? 

r.ARTAN-EILENBP G 

Tl · b k d 1 · t l ( )l 1 [ = k er ( d ) l d V V ob e ct2 
11s oo ea s wi. · l .c:o aomo ogy iffi(d), \J :iere : ---. ys 

O], and genP.ralities re this notion, including upectral sequences, are 
dealt with in Chapters IV and XV. 

Tht"- mai.11 <" unt;·it>ution of t11is: Llac.'sic hot..1~·vi!7•i >.i}{./C.' t•1 utt> odu(. f- a 
r. l•...lS'n- o f lr I'> >hvnlnl08 ip,„• ( rJll~·d de-1-·iv..:&d t~uncf301-.s. and tu shr.J ,;~ 
ti'l~· L' .._tant (Co '1il»Ul'1lr1 -y tlt~ o> l• •• -, t..~·l' r• ut f;Jr t d<1: > iti~d fu11.1 t. •1 , 

•p1-•c i.-..1l 
that all 

Cartan and Ellenberg discovered derived 
recasting Kun.11et~h's calculations, of the 
product, into a group theoretic language. 

functors in the course of 
Betti numbers of a [tensor) 

Their first def initlon see 
Chapter III on s ~elll~e functors WdS iterative, as ..i. roeasure of the 
original functor's non exactn.ess. 

But they soon replaced it 
N~solut.ions whlch is based on 

Th.€-Ot"en-1 (A). 

<f•„~a ... t. 

0 "" X 0 ~ 

by 
the 

the (now well-J.<.nown) 
follo\Jing fundamental 

- A """ 

definition 
fact. 

0 --;.C-Y = 0 - ~ c ____,, y 1 --;. y 2 - ---? y 3 --i-

vio. 

Th~n th""' cuhc.miolosi,,_..:f.. uht•1u1c--d, frotn Hom(X,Y). Horo(X,C) or Horo(A,Y), l1\ 
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U6 i.as thf: ubv·icn1.s: r- ohot.n1d,7i-i"""'>'• ''lr~ isotnr-,r.piu.c tu 1-•ar.. h c>tl.,::.r. and clt•J'.1fHtd 
Prll nH A 'litt l C 

The ahov~ c..:ohon\Ology lt;. denot.~d Ext(A,C), the "derived functor" of 
Horo(A,C), 1Jith which lt coincides in dimenslon ze1•0: 

0 
Ext (A,C) = Hom(A,C). 

An exact sequence X, 1Jhich 
resolution of A, 1Jhile Y, 
r-esolutlon of C. 

"enters" A d.S above, is called a p1··ojec:t,1v~ 

1Jhich "leaves" C, ls ralled an hJ•-"Lt1i„-eo 

Th.e impvrtan<.-·!E- ,,,- Ext <;:t-=·n~8 fi ••iil th"' f•U t th.li any r-.,,..„ .... -,lut·io>i"'' X and/(,r 
Y ' an t„ · u.~·--·d tlv.•• maJ:.:t, • tt °"•m.'tn ... •ntly L·omµut.-11-)l~ ! 

Llke1Jise Tor-(A,C) arises from 
pr-ojectlve resolutlons X d.nd Y, 
the hr..miulogv of XQ"o:>Y, or X{-oC, 
bouhda.1' 1 es. 

the tensor ~roduct, by taking any 
of one or both of A and C, and computing 

or /l,§l)Y, with t"espect to the obvious 

[Like1Ji$e again fot" other functors 
to see 1Jhat goes on.] 

but the cohomology Ext suffices 

We now t.ur-n. t<> t.he explic:it i··esolut.ions and comple :es by me.an& of wh.it.;h 
C-E p1•oved th.at fi:üme- well-known coni:blnat . .r.n•l.al de.f·init.ionbi wci•t. 
~.<nt1c.:ula1·· (.c\'"'eEs of' t,hfs c.at,egoa··ical not.-ion Ext.. 

[Throughout this ve'll try to restrict to the simple case of vector 
spaces over a field IF, since this already seerns to cover most of what ls 
interesting.] 

In the follo1Jing Ext
0

(W,V) 1Jill be in the category C
0 

of all vector 

spaces equipped With i:l l~ 0 ft actlon Of Cl.n .H'i:!SOGl.&tive .ülge.b1··a 0 
Here :r will be regarded as an object of the category under 
rnultlplicative epimor-phisrn or· d.Ugn\€-nt.at.ion 0 ---ti- IF. t'lostly 
interested in just Ext (~.V). 

;.2 

over li . 
a gi ven 

1Je' 11 be 

(ß) Koszul cumplt>-x. ..J...-. '>'WHt• tltat ;1 l ' tht conunutai.ive algeb1 a c,.:.n~-.r,7t.:-ci 

1.v N z~·tt~~r.!o:· X <n) .... ;·· IF. 'T'h..-•il Ext (iF • V) ~.. tht' -: of•<.»iiolu5 ' ;:> f 
' 

- ..;. 
•·' .. 

Ht>t"t. c (V) denvt,:;.~. tli,=... s"i~adf-'d <.;fo•(. tot - .S.'fH.JC~~ (.1 j a 1.l 6·}:.~c...·u_;.5; ymm~fr l<- fun<. ti.c1n ..... • 
from N ·uar1ablec;· y t<.• V. €-quipp.=.d urith tht• G ,~N tiün 1nduc-<=•d jt·-„m that (1 f 
V, and th!'· ..- obound,·n :y i.-..· F. u.u-•n }·_, \' 

• y. 1 'y.' J- J 

This follo1JS from the def inltlon of Ext because the augmentation extends 
to the exact sequence 
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where A denotes the ext.ePior· algebi·a generated by N letters y over er, 
and the boundary is given by ' 

j-1 
®Y t + 1) "' E1 : j ~' t t-1 ( -1) . ( wx j )®y 1 ~ 

[Note that 'WA, the tensor product 
vector space, with the <,,•J.;·~·t..~vtw-nPh-·t-: 

vector spac e, is al bO cal 1 ed a \t/eil 
of connectlons.] 

o f t h e <;'\>tmn~·h i{ ali;-J·bt a 0 o ver a 
a1€Pbta A over another copy of the 

.algE>-b1·· and f igures in the theory 

Each resolution, 0 - T of 
ir. * W in C , corresponds to ~ resolution 0 ~ 

~2 
IF ~ - - ti + - X o f [!'." in C . * 

!; • 

* where - denotes the ' op1)osiLe .algeba··a of ü, ,'1.1 so, on applying (..,,,.U-(.), 

gives rise to u resolution 0 + * ~- (:Ki:i="X in C * 
u ;:i:.-

Conversely, by dpplylng W ~C.) to the last resolution, one recovers that 
,; 

of T in C * 
.2 

and so the original one of i.F in C . 
~„ 

One can think of C * as the c~ tegory of vec.:tor spuces equipped with a 
i.i 

action, and of c,lf..)wo * 
actions. 

as that of vector spaces equipped 

Thus, for any {,, the calculatlon of Extr
2 

(U , • ) is equivalent to that of 

Ext , *(u,.), for which one has the following. 
IF"" 

(1)) Hor hr.s•...:hild coinpl~x. 

Ext _ * (0, V) 
~~[f"~l 

,_„ t1v 

~t+l(V) 

Rt'·t·t:• ~(V) den.11t~=·s all multilit1.~ar ftn-1.ctioa -c;: fr~m u tü V. and th~· 

<-Obuunchn v i dP fin--·d trv 

j-1 
. t( 1) f(Y~·· J. ... 

Thls follows from the definition of Ext -/CO·,V), beC"ause the sequenc• 
~.&;IF 

* elongates to the exact sequence, 0 f ' „ ~-l{ !F" ) of Ci··-',.,...~' * • 
J 

0 .f--·- i"2 ..__ { ::r„ -t-
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vhere the 1 eft action is on the f irst f actors and the r ight act ion on 
the last fdctors, and the boundary is defined by 

<E> Homogen.-.>us: conaplPX, ln ( cl<:.'t:> ti l.!.. a gi··oup algelu··a IFG, tlu· abuvf• 
Hu<.fL">.<-·fu.l.d cumf1l.=•)( fvt~ C<tlcul<:.diH:;'". Ext::FG(IF,V) is it~·~-mv.•~j•fH, tn tha <•f 

all le-'ft. h1v.a1·· .MIIL V ualu1t··d func. tion.s· vn wo1··d;s uf G -'~qui.pf.n•d .. ntlt tfpc. 

ur d inar-y <- c 1h.- 1uncif·n-· \• 

This might have been the genesis of the Hochschild complex: Hopf e.g. 
had def ined group cohomol ogy by above coropl ex, and lat er Ei 1 enber-g and 
M.&cl..u1e had replaced it by its non honu.>§t-'i1.utl.-' version, vhich i& just the 
Hochschild complex fo'r this O. 

(F> 
Lle 

De Rh~-tm com1>l~x. 

algeb1·d. tht:·n th,_. 

e 
In cas.•,-:.. 0 = n • th~ enveloping &lgeb.-.a o f q. a 

Ho<"..:h<;.·<- hUd c umple"K for calc.ulatin.s Ext e (IF, V) 
'"J 

; it•Ö-a< ts• tu a 
det·ivatÜ...J•':• as· 

<;,' 1htui1lf1lP'- L•,·<>mt1rphf., tu q-!''1;A(B)• titt""rl u.r-lth 
d.:- fined hv thA familior Lit- b;-~·u·-.J..:„-·ts· f,·,rmula. 

th~· <J„ kham 

The "envel oping algebra", as against q, i s assoc ia t i ve, dnd vector 
spaces vith q-action correspond to those vith action of this envelope. 

C-E pr-ove the above r-esult by using the Pühu~at·e--\t/it.t t.heo1··em, vhich 
gives a convenient basis for the enveloplng algebra. 

Based on pioneering vork of E.Cu1··t<. n., the cohomology theory of Li 
a.lgebras was given a finishe<l form by Cht=-v.&lley-Eilenberg. 

tJhen c3 arises from a Lie gr oup and iF = 11? or er, the above complex 
ldentifies with the usual de Rham complex of left invariant smooth forms 
on the group. 

(1) The point of (F) of course is that ·in thf-> Lif.• alzg'ebra u::i.s.'~· the huge 
Hochschild complex retrd.cts to the rnuch smaller de Rham complex of left 
invaria.nt forms. 

Huw doea (F) flt ln with cycllc complex ? 
•.;' 

(2) Likevise the point of (B) seerns to be that 'ommut11t t•dv of ~) d.lso 
enables one to retract the huge Hochschild complex to the much srnaller 
Koszul coroplex ? 

In particular this shows that Ext. (if , V) 
1.1 

vanis11es 

r·esul t subsuroing Hilb(">1··Vs ~yzygy ~heor·em .. 

in dimensions > N a 

!.Je note that there is also a variant of Koszul coroplex if N is infinite. 

(3) It might be even simpler to give a sirnilar sroall coroplex for the 

50 



antfr ,_,~nmutah.t;,_. algebr-as O? 

Probably just the algebr-a itself ? [Cf. a ver-y trlv~al such exarople, of 
exterior algebra with N = 1, on p.147 of book.] 

(4) The relatlonshlp of Koszul/'l.Jell coroplexes to shlftlng deserves 
closer lnspection. 

( 5) C- F. i.s: c:on:t'using :r·eading , and lt s e oros 
1 ear-n thls [ irnpor-tant and apparently not so 
better- fr-om somewhere (?) else. 

lt should be possible to 
hard] material fast er and 

p.107 for deflnltions .of Ext and Tor; 
p.182 for above kind of "supplernented algebras"· i..i, 

whlch ar-e special kind of "augmented rings" of p.143, 146-147; 
pp.150-153, 157 for Koszul complexes and Hilbert syzygy theor-em; 
pp.149-150, 164, 185-186, 193-194 all this (and more! )for the somewhat 
confuslng (a.nd repetitive ! )"chunge of rings" vhich ve have Cover ?) 
simplified to (C) a.bove; 
pp. 174-176 for- Hochschild complexes includlng a "nor-mallzed" variant; 
pp. 189-190 for homogenous complex for groups; 
pp. 271-273 for Poincare-'l.Jltt, 
and pp. 277-282 for de Rham subcomplex for Lie algebr-a cohornology. 

Of course C-E contains many other- things too. 

ISOTOPY FUNCTORS 

Hu's paper-' is essentia.lly an exposltion of\llu 's "deleted functors", with 
some new frills, wldch are as under-. 

A space X is said to have the same isotopy type as a space Y if we can 
find embeddings f:X ~ Y tl.Ud g: Y „ X such that both f§ f: X .,. X and 
f ... g: Y --+ Y belong to one-pa.rameter farnilies of ernbeddings conta.ining 
the identity mapplngs. 

Thus thls relc1,tion is lnterrnedlate to the 
horoeomorphic and being of the same homotopy type. 

re1ations of being 

(A.) R.es.Jdual dTu.1 envelüping :t~unct,ot-t::;:. 

R (X) will denote the complement of 
rn 

For any m~~ 1, and any space X, 
the diagonal X o f the m-f o ld 

pr oduc.:t tJ = X „. X, and E (X) the space of all paths of tJ starting 
rn 

from, but never returning to the diagonal. 

Note that R
1 

(X) = X and E
1 

(X) ls the t,.angent, spac:e of X, i. e. the space 

of all paths of X never returning to their initial point. 

Each embeddlng f: X ~ Y determines embeddings R ( f): R (X) ___. R (Y) and 
m rn m 

E (f): E (X) - ~ E (Y), with isotopic embeddings inducing isotopic 
m rn rn 
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embeddings. 

The (co)homology, homotopy groups, euler characteristics, 

an<l E (X), are thus lnvariants of the lsotopy type of ·x. 
m 

etc. of R (X) 
m 

(8> l'Iore {i!ener-ally whenever X< tJ, we have the i·es.idual s:p.acE> R(tJ,X) -

tJ\X, d.nd the e1·1.vc•loping t.Spacc• E(tJ,X), the latter of ull paths of tJ whlch 
start from but never return to X. 

For polvh~·cfr·al .puÜ.!, X'-- U, the secon<l~notion ties up with the notion of 
a 1 t..»gul..:.P nelghbo'fn hood V of X .in tJ as und er: 

[In fact Hu pr·oves i t more generally for all ."r~gular embeddings" X·
tJ. ] 

Thue the enveloping functor is eseentlally the "local" deleted functor. 

<C> Thanks to the last theorl;lm the trlad (TJ;V,tJ\X)'s exact 
l'Iayer-Vietoris sequence gives us a relationship between the homologies 
of X, tJ, R(tJ,X), and E(tJ,X). For example we have 

-~ .. 

())) Hu also gives an exposition of the \ilu t.1··langulatlon of K ..... ,.;K, and 
uslng lt, how Rm(X), X= ;Kj, has the same homotopy type as 

><•-.! 
m 

ar1d E (X) the same homotopy type as the bounding "tube" of tl1e above 
m 

cell complex. 

The last two sections of Hu's paper do some easy computations of these 
deleted functors for :;~·-aph.;;;o K. 

CYCLIC COHOMOLOOY OF GROUPS 

(A) Cyclic cohomology of- .t s.pace- X. tJe'll consider its definition 
elsewhere, but we note that dn important result, ~btained independently 
by OoodwiUie, Dwyet" and others [e.g. see comrnent (5) below] identifies 

lt wlth the equivariant cohomology [i.e. of left s1
-invariant cochalns] 

o f the loop sp.ace X 
s1 ~ 

[Po<;:~~iblv the t'yclic cr-,h,:-,m,-,zD~\J uf X can bl!? defin.ed s:impl~ h~· u~-„1nt..; the 
'<\H.ltt: ohjt•(t· ol"it<t'n~·d hv „„,1tritint." th.:-- •;i.n.bUl(li' t.''Ullf:ih'..<~'::'S.' «1{ X:;•] 

(ß) Cycli<... cohomol•"}gy of „ g1··oui:~ G. In light of the above result this, 
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being the cyC"lic cohomology of the cla1Ssi"fying spac~· BG G*G* 
divided by the diagonal G action] of the group, has been identified 
with the equlvariant cohomology of the loop space of Bd. 

[Tlu andlüzguus qu~~stion. rtülai 'l.S whE-t11-=·t·· this• ,-<--:n b~· dt- fi.n.:=-d by U.i-~·ine tht-• 
'Y· ll< üh)I''( t ohtain~·cl 0\1 i •.datintt tlL.=- z„::•ft 'nvar·ittnt ,ru--hain~~ üf th~ 

s"?„fft1f1 G ~· ] 

However in the 
Bu1··gh ··l~a: so 
rilg~~bi··'Ll lf"G, as 
H, ~hrsc...hild type 

following we r-eview only the earlier 
he is computing Lhe c=yclic cohomology 
defined origina:lly by Conn•s, i.e. 

coboundary to cyclic algebr-a cochains. 

However Connes' later Cnmt-d~·-'>' R~·n.du:c;o note 
Burghelea uses its »cyciic objects" profusely, 
following useful way. 

was now 
t .hinking 

computu.tion of 
o f the g1··0 q 

by applying a 

avol.ilable, 
of them in 

and 
the 

These are sets X ' n 
indexed by the natural numbers n, 

equipped wi th fa.ce- ma.1v:;: d i: 
n 

i 
xn „ xn-1 ' d·""gt•ne-1--.ac:y ma.p1i: s n xn „ xn + 1. 

and 1·otüt-lo -.<.. t : X - -. X . 
n n n 

These maps are required to satisfy various 

c..:.n-onut.atton •'ule-a:. Leaving aside the usual 
and/or degener·acy maps, the other rules are: 

i di 1 d <>t = t n n n-1 n 

ones 

i s . t 
n n 

involving only 

i 1 = t "s n+l n 

ftlce 

is [as in Connes' note] a douhle ~o.-nph.•:u: associated 
X [ even col urnns be ing ordinary chain compl ex es, odd 

"cones" over these, horizantal arrows suitable sums of 
a.nd itu total (co)homology is defined to be the cyclh„ 

ove1·· lf". 

For any l:F , ther e 
i.:anonical ly wi th 
columns acycliC' 
rotations, etc.] 
cohomology of X 

[As before we' 11 assume that [F <...?:.' field of ch,:i;·-actt::·t··lsti._: .<!L·i·.,-,, but note 
that Cannes deflnitloit, and Burghelea's computations, are done also over 
it1tegers, etc.] 

And [ac in Cannes' note] one has, besides the spectral sequences of this 
double cornplex, also the Co1'.l.11es. ~~que·n..-c- [ d. "Gysin" reformulation of 

„one of the spectral sequences] which relates the ordinary and cyclic 
cohomologies of X over l:F. 

(f)) Cychc ~et. ot~ a g1•oup G. W'e'll ive this definition of Burghelea 
only for the important case of an abelian G. 

TJe'll in fact define below Lhe r·\.;rlit.- .<=:f'•t X(G,g) of thf"' p,·1ir (G,g) for 
each g € G . The required cyclic set X(G) of G is the disjolnt union of 
these X(G,g)'s as g runs over all elements of G. · 

[For the non abelian case g runs over representatives of the conjugacy 
classes of G, and one takes the disjoint union of Lhe X(Gg ,g) 's, where 

G denotes the centralizer of g in G.] 
g 
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Xn (G, g) wi 11 consist o f .nll wca·d'S x
0 

. . xn of . G wi t.h p1··oduc..t eqt a1 t.o g, 

and thc fnc:e, degeneracy, and rotation maps are def ined as follows: 

X ) = X 
n 0 

X ) 
n 

(x. 1 •x.)x.+l 
l - 1 l. 

X ) 
n 

= X X n 0 

X 
n 

X 
n 

0 

0 -~ i 

i :i: n. 

n. 

Here, for i 0, the right .uide of the f irst equa.tion is to be 
interpreted as (xn•x0 )x1 .. xn-l· 

(E) Tht"'Ot"em. Th,,.·r--=-- i.!:. a natural id .... nti fir atic·nl u f th~ i {u:~<.- b al [iliirl .!A' 
<".'ünn-··<;;·] .·.~·qu„•n<f?.S <1.f X(G) üv„··r- IF ~„nth tlu.1.s.'~ 11f thl• :=cJnup als<'•lu-a [;"-G 

Thus these sequences are direct sums of eequencea indexed by [conjugdcy 
classes of) elements of G. 

Now he turns to the computation of the cohomology of each summa.nd. 

(F) Theo1··~m. I. t G i6' ab~·h.a;i an.d g ~· G L3 o f fi.nd~, '-';-,[,_;- thr"n tht· 

( ,c l u <. nhrmiolu~ v c·! f X ( G, g) is: i.s:onwr 1-»11"„ t,·, H ( G / g ;lt )@H ( s1 
;CF ). On thf:'" 

vth.t?;·- h.and if g is of infinit~ u>-d,::.r- th€-il it t..:;," i. ..... ·nmorf.;l'uc· to H(G/g;CF) 
"Tl~-· nrdiivn--v e:ulv:m1c•lo5·_1 uf X(G,g) i.s. Ul. ~1.the-;· ,_a.=.·e-. ib·;_,m.mor-µlul'.- to 
H(G;::F). 

Here H(r;rF) denotes t,h~ c.ühonology of t,he- {';1"0Up r over rr, i.e. the 
cohomology of its classifying space B~ over W. 

Recall also that the classifying space of the circle is is._U11°& t1:f'lnitf;• 

dim~nsiohal c·omple-x pi··~· ( «.<tiv€• csp ... ( €c•, so the c-ohomo 1 ogy o f ~ 1 i ves onl y 
in even dimensions, being one-dimensional in each of these. 

(1) Th~~ ~Pz,,.t.,.tH~!' uf luo{1 •-fH.Jcp,; to .p;nl·1f;•dd1.i!s tht•<..u·y· this is obvious 

the moment one notices that the loop space of X is the s 1
-Cßld <".d1•"t,e-E>ol h 

pr·oduct. of X There iu X sitting in it as its diagonal, i. e. as 

\." s1 
constant maps from the circle to X. So the pair (X ,X) is of the same 
kind as the pairs int ervening in Thom 's embedding cri t erion, 
R1cha1··d&o1.-Sndth theorern etc. [ see \l/u 's book] except that nov the gr-oup 
is infinite. The complement of the diagonal, i.e. the non-constant rnaps 
from the circle to X, is likewise a dek·t.cad pl"odtut., •<l.nd the smaller 
spa.ce of all one-one rnaps from the circle to ·x is a cont'"tg„ 1··.at.ion spac:.e. 

(2) It 
spectral 
avoided, 

s eems that the double cochc1.in compl ex, 
sequences, are very natural objects, 

e.g. consider the following proposition. 
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T f a ult>~ 11h 'sm 
' . ··h·-nnnlnc. y thPn 

.,. i<-·t , u du. •· 

lt n11f Tlle hypothesis says that the mor"phism is an isornor-phi~m fot the 
second terrns of the spectr-al bequences, so it rnust be a.n isomotphism 
ftorn her-e on. qr•d. 

[Of cour-se the r-esult also follows fr-om the Gysin se uence but .... ut ely 
this spect1al argurnent is more conceptual.] 

„ 
Recal 1 again that the compl ex ·o f cyc 1 i c cochains 
natux:e1.lly as the first column -in the fir-st: [aud second 
the other- spectrul sequence of the double coroplex. 

also fallb out 
tu last~] term of 

Howevex:-, one (an d.V i d doub 1 e C"OC"hain compl ex es and opec t t'd.l s equenc N , 

at the price of unin a sornewhat contriveä [c.1.r.d huge, buL sin lc] 
cochaln cornplex [aee pp. 357-358) which also yields the cyclic 
cohomology of the cyclic cet, and fits into a. short exact sequence, 
whose long exact eequence is the Connes sequence. 

( 3) Fo; a fuut~ ;(;i"OU{.J G thr-• . h . .u 'i· t•·r t·-,,tf; ~„ ,_„ sr-nUf.! 'ülH>ift'">lr>· \. 

H(G;u) i~· ·~;-,_. <H r1ll d-:_m~·ns•inns· _ 1. 'T'his is cleat. But r.ole that the 
.:...haPact.e1·lst.1._. .z;e1··0 cy• .• l r t. ohoinulogv of f 11it.e gi•ow ps 1.s •••~n-t.;· v1 il 1 

1 • I' 

One gets a <..:opy of H(BS ;l:F) fox:- each conJu acy class ! ! f 

Also wc see, in this c:cise, that tl1e muc;h „mallF>t 
already contained all the information got frorn X(G). 

.yr.li<.: set X(G,l„ 

(4) Burgheled. defines his X(G) vL.1. g ·cn.1p •. Jd&, but it clmounti to the 
simpler definition given above. 

(5) l"luch rnore important is the fd.ct, due to Bur-ghelea-1' edur•o. c;., and 
used in the proofs of thls papex:-, that t.he1•e is H··1·&t.i•H1, witJl1 tibt·'!:"' 

1 1 
.an< g1 O•.JP S , •"")V~H· BS , c:--nc.n'ih.;--1lly .as1;,;o(. lated t,o " c h • y• .He. ""'"° . . In 

fact there is also, conversely, 
as a cyclic object. 

1 
a natural way of thinking of an S -spuce 

As we'll see in the review of B F, theae con6tructions generalize Cannes 

result that the cla::.,sifyin~ Lpace of the cyclic cate ory is BS , und 
lead eusily ~o the identificution of cyclic and equivariant cohomolo5 ies 
alluded to in tl1e begir1r1lr1g of t11is r-evit:w. „.„ 

CAR..TIER'~ F.XPO-F 

·-
Th i s g i V es V er y q u i c k l y a . w e a 1 t r. 0 f 
<co)l omology. 

inf-orrna.tion r·e ardin. cyLli• 

<A> T1-..aces. For an cJ.SrJocidtive c.tlgebr-a A „,o] ovex:
thi.J rneans any linear form r A -• 'T obeyin~ '"(ab) = 
generally, for an associative r:.r·;ufr·d algebr-a l-1 over G""", 
f Ot'ID ~ ~ i:r ob e y i ng 

ss 

C- , chc.1.r W ) 0 , 
(ba), d.nd •. 1ox:c 

.i. t is any :!. inea1 



7 

A trace 
obeys 

1 a! b T(ab) -:: (-1_) 

T ( d;~~) = 0 • 

r ('ba). 

The termlnology ls motivated by the fal.!t Lhat, for thu 
graded-cornrnutative d<: Rh~\!ll _lheh1·a c.·.cx),d) of a smooth ma.nifold X, tlH 
trace r obtt.1.ined by i11teg1cJ.ting over a simplicial cycle z X, z 
satisfies the above condition 1Jy vir.tue of St.<L•k•.•s~ f·c.1:m1„.da 

I d.-" - / '·' c l!c 

(B> U1. v~·l't.sül <l1ffr·r·•('•ntJ ,..;j {~T·.a~hd lg-L•lHa ~„(A) of -J=tn L~ g("bt•' A, is 
[somewhaL siroplüiticc:l.lly] deflned by 

0 
(A) - IJ" ._, A, 

.n 
• , ).„ ( A) - A-IP .. ..,_, A ( n t im e. ) lt- AC°' •. -.u A ( n + 1 t i rn es ) , 

n n+l . 
the differential d: :..1 (A) --+ f2 (A) being the ldeHtification of the 
secon<l suromand of t11e domdln wlth the first suromand of the range. 

Elements a. " .. e-·a. of the f irst 
1 n 

and the elernents aoc:l.1·" .. ®e:l.n of 

summd.nd of ir• CA) cH e wr i ttcn dcll .. d.h , 
n 

the second sumrnund of •• (A) are written 

Th•„•Ol E"IU. Th ..... , '{ h· •· (J f .) (A) ru ,_ tn ,,H,·· 'ITI•' (. 01 i < ·~11ou•l .... n.r., w.,(fh '\U lt.~ 

c.<.ny<.l1:„ nf C(A). 

Here a c 
..... 7cll"-" i f 

Cn(A), i.e. a function of n+l varictbles on A, 
lt skewsyrnmetL'ic with reBpert to r oteltions of 

is bein~ called 
the Vc.U i <1.b 1 er·, 

a.nd cc.cycl~<s constitute U.ie ken1el of the Hochs.;r:hild l'.oboundci-·y b: C1 (A) 

--. Cn+l(A), dPfined as Lhe alterna.ting sum of the n+l "faces" obtctined 
by multiplying some two consecutive variables. 

The :::e~1uired isomorphism is obtained by associating to the cycle , (i.e. 
a closed graded trace) of ~(A) the cochain c of C(A) given by 

c:C) Hochset. ld • •H•I yclh~ eohomologi..,.s. The forrner H(A,!'l), f or tL,e 
k 

case of b1.-nodule rr A whete (afb)(c) f(bca), is def ined to be the 
cohomology l) f (C(A),b). 

The latter HC(A) ls deflned, by virtue of the 
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• C~(A) denotea the subspace of cyclic 

thia subcomplex (Cc(A),b). 

cochains, 

' 
as the cohomoloay 

T of O(A) and a cycle 8 of O(B), Te& ia 
la a natural DGA hoaoaorphlem O(AeB) -... 

lt "'e ae:t • cycle of O(lit!) called tbe 
o1 cyclic cocycles ~ see (B) 

lJ HC p+q(AeB) 

cohomoloav. 

'lheor-e-.. Under cup prod-.ict the cycHc cohomolo€y HC CF ) of lF i.s1 a 
polynom't.al al,gebra ~enerated by the 2-dimensional class r-epres:ented by 
the cyclic cocycl.e- a defined by 

n(1,1,1) = 1. 

Further-m.or-e. the cup pr-oduct cl.Ja, of any cycltc cocycle c of an 
lt-al~r-a A. with this cyclic 2-cocycle et of IF . is the cyclic cocvcle of 
A #!}.t>en b y 

(CUO')(ao,•1···•ap+2) = E1sjsp+1 c(ao•aJ•aj+l'a1, .. ,aj-l'aJ+l'""'ap+2). 

T}'le suspension map S: BCP(A)--+ HCp+ 2 CA), defined by [c] 1--+ [cl.Ja), ie 
lmportant for the next deflnition and for the exact sequence of (F). 

(E) De llham c:ohoMOlogy HDR(A) ot" A.. Tbls is def ined (p.129) to be the 

* * cokernel of the map S-1: BC (A) --+ B (C) [and dually, on p.135, as the 
kernel of the map 1-S: HC*(A)--+ HC*(A) in cyclic homoloay]. 

Tbe aerte~al justif icatlon for thls terminology ls that lt ls essentlally 
see ~p.134-135 isomorphic to the cohomoloay of the araded 

abelianizatlon of the DGA O(A) of (B). 

ln caee A la corrunutotit..le we also have the DGA (A (A), d) of ext.er-ior
d.ltte.-ent.ial tor-Rll!il o-1 A, and HDR{A) is often, e.a .•.• lf it is the alaebr~ 

of smooth polynomlal functions on an affine smooth varlety X, lsomorphlc 
to the cohomoloay of (A(A),d): see p.135. 

For additional justlfication see also (G). 

<P> Cannes' sequenc:e. tJe have the sho~t exact sequence 

C(A) 

of cochaln complexes. Its lon& exact sequence reads 

s I B s HCp+l(A) I 
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by vlrtue of the followl11g rei:iult. 

This is shown by constructing a cochain pi m o r p h ü: m C CA ) / Ce CA ) 

CC(A), vhich lo'w'ers degrees by 1, a.nd induces o.bove lsornorph.ism in 

cohomology. This epimo1phlsm ls induced by the eplmorphlsm 

B'~ (1 + t + tp-l
1

)wS w(l-t ). 
p-1 . . p p p 

Here the t's denote eigned rotations and s replaces last v~riable ly 1. 
• p . 

Also the above epimorphism B ir11luces the mdp narned B in tl.e long 
sequence. Thus, although the shöt:t sequence 

0 
B 

--· C (A; - ---+ CC (A) [-1] ___,, 0, 

is only .·umi ·1t:.-·•.a( t in the middle, it doei:i never theless induce the above 
lang exact cohomology sequence. 

I f the Cannes' sequence is considered as an ~x&ct, ot:öoplt:~ 

B _,,.-

./ 
HC(A) 

,,.„ 
* H(A,A ) 

r<"' I 
s 

+ HC(A) 

then it gives rise to _,., :;.,pic• •t .• """? „~qt:.•= ~c""' whose final ter:-m ls tLe Je 

Rham cohomology HDR(A) of A. 

Note thal lhe second terro of thi~ spectral dequence is the cohomology of 

* H(A,A ) under IQB. 

(0> {,u·1· •J-1ts: ot•1· <H~t.1~ibut ot>nal 
~,_,,1t~nu.-1us linear forms r: l"i(X) 

slmplicial chain is a current.] 
C(X) ls defined by 

of a 
[ E. g. r 

and the hon~oiogy ot t.he m 1nto d .:.s that of 
Stokes' formuld shovs that, for • - t one hau rl, 

c 
the notation b for boundary of currents also.] 
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(' 

.}: C(X) 

are 
any 

C ( C (X) , B) • [Note t 1.a t 
- filc' which justifies 



* X thE-n H DR ( A) i •. ;.„_.,,._.„n[.•ry·h.i.- o f ( H ( A , A ) , I B ) -u~d 

* th«. tum1Jl1:•),: (H(A,A ),I..,B) <-· ' Otllf.'l~„ ... : ( ( c (X) , fi) "f 
,u~-,„·nt. "'} X 

Thus ln this case t;he l:!pecttal sequence of (F) degenerates at the l::lecond 
ter·rn. Note also tha.t, in the above result;, it is understood that 
, on.tinuuu:-, cochains of A are being used. 

(ff") C.dt.ego1·ic.tl d~„f 1üt. u1:us. Fo l lov lng Ka1··ouhi 's 
Connes' definition, <.y<.r•_ uhj .-·t.r;. a.re defined a.s 
equipped with rotd.tions obeying requir;e-tl rules . 

simplificatio11 of 
simplicicll objectw 

Using cyclic coch.;i.ins one def ines 
cy„. H<..: v~•t..t.01·· spac€' E. When <[, '

i dent i fies with the (c~)homology of 
L{,H.ph•.-L of· Trsygdfl . 

.cy.:.U< c.: ,_,<') )lu .• mo lo1';y HC ( E) I.~cn- .:ff1y 

considered] it 
t 0 US) doi.1J-.lo1.• 

iF [ the case being 
the [ by now f am.i. l id.t 

Th er e is a.lho ...inotht"-1• d•.••1Lle „.oinple-'){ nonz ero onl y on the up H.ir ha.l f 
of the first qua.c.lrant a.ru.1 'vlith all verticcJ.l differentiah„ l> a.nd all 
horlza.ntal differentic1.ls B whose (co)homology is also HC(E). 

Top01 ogi cal 1 y~ the ca.t egor i ca.l approc1.ch amounts 
sharpening of Moo1't. 's r-esult [- its first part]. 

to the following 

Theo.-•e<m. c;unpli„ ial hom1-1lus·v H ( E) 
i">f tl-u.• s'""~c·nnlf•h·i..·rtl f·fc•c"tliLath1il. i E. 
uhq•d;: ft<!c•S L>.}-i.tli. th<c• hom0tOf•\,) St' ·-C•Uf-'~ 

id~nti fu-~.:;· t..1ith thr:• homr»to(• , ;o ~ •"•tJf•·'· 
of E wlnl,_. ~\;{ll.c h_,-,m,··lo-ov HC(E) 

«1f <1 ~vc-Zi· quoti~nt IE! ~·f IEI 
'cyc · 

Doubtless this c;onnects to wor k of Bt.n»gh€-l~~a-Fie-do1•owicz, Jürt€-'h., et c.l. 

t; 

Homologically, the categorlcal a.pproach reduces HC (A) and HC*(A) to 

Ext(Alt,iF#) and TorCA*,r:#) as explained in Connes' C.R. note. 

(f) 
k 

equit. alt=-nt t<°; that o f .:_ cmim.utatii_,,_. C -~lgeb1 ~s : 

„ Here c
0

(X,.f) denotes ctll continuous functions X r Whi eh Vc.i.nish c.l. t 

inf ini ty , ancl of c;ourue X is r ecovered 
d.S the space of its rnd.xima.l ideals 

frorn this cornrnutative a.lgebra. A 
•-' 

Note that Xis compact iff A has identiLy. Als0Swat•'fs t.h~oi··ean tells ui:i 
thaL the abelian category of complex v~cLor hundle~ on d compactum X is 
equivalent to that of p1•oje,:t.UI'>- h\•:)du "''& over A. From tllit:; one gets an 
equivalence of the topological K ·tl1eory K(X') with the algebrcdc;,-i.1 
K-theory K(A). 

These results [as well d.S (G) and the ca.se of an algebraic variety X 
illustrale the dictum :li an a1ge-h1··a A ls c..:ummut,.:.f,J.ve tJ.ieN=~ f.-,, "" 
1·-: a'Sün&blP "•p„Hc• x~ however, in the non commutativti case, the .-3pd.ces are 
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usually "unreasonabl~", and one must work with A directly. 

<P Bott p€·1··io• h f,y. The groups K. (A), 
l. 

0 , uf clny A a& defined b i 

Quill~-._, are the 
classifylng t;pclce 

homot or)Y groups 
BGL(A) of Uu 

o f [ the 
infinitf 

+ rnüdt f>1-,..1t1..H1 

ener<ll linet:Lr 
(?) of] 
grou > of 

the 
A. 

Also defined are the r-oups 

whld1 ut e perlodic.: of period 2. 

i 0 . 

. (GL(A„J 
l. 

l . 
Read topologically, i. e. as K (X), where X "" • A, t.hls periodiclty Sc:!.Yti 

that X and X - ~ 2 
hc:!.ve isomorphic K·theori L. Or, if Xis ~ompact, thc:!.t 

• 2 
X and l ts double suspension .S (X) have lsomorph'lc K-theor ies. 

So, while c.onsidering the extr~ordindry [ - dimension c.:.xioro noL obey d] 
i 

cohomolo y theory K (X, Y), we c.:d.n restric.:t o\lrselv0...; to i 0 and i 
1. Thus the long ~xact sequences of thiu theory ar~ exacl hexagons. 

Keep in mind: K(X) KO (X) ü, tlrn Gi··c.-t.h•·n.d;f•< k 
bundles on c.:oropactum X, categary of cornplex vector 

group o f the ubt:.il i .... n 
in fc:!.cL Ät is a rln~ 

und er pr oduct induced 
suspensiom SX of X. 

by ~;;. And K-
1

(X) is the same ttflr.g f or the 

eh: K(X) +Heven(X;tf). 

For 1 ine bundl es L this map goes L 1-- ~ exp „ c ( L)) wher e 
1 

is the 

two dimensional eh„ -.„-.c.t.€>1•1"'*t.h..: cli<:!SS of the 1 ine bun<ll e. ·. 

The K-theoretic interpretation of Hodd(X;~) now follows at once by usin5 

SX becduse we have 

~---'"' ,1 

The next threc sections show lOW Connes and Karoubi def ine .· _._ u. 
c .Lu a 1 t1-•i·t--tL, i~lu•, _„. tl.ereby ,;onstructing an c.tnalo(:,ou:J "Chern 
characte1'" from the K-theory K(A) of any A lnto cyc'Iic cohomology HC(A). 

(L> Mor H.d eql.UVdl.f'nce. 
rF-al5eb1„a A 1:ir·„-. riatw·aU\.· 

Th-'• l/n; lz , ' h i. l,J 17n. J r ' ,- U. hun-tuln, 
'I. ·::;·oni,_·,rphi' t··· t:ho.·-;·,;:;.· •. -, f th.,_· • 1l, „-,1,, 11, ;> 

·-

The Lsomorphism is lnduced by the cochain map <leflned by 

vhenever F. 
.i. 

I'1 crr ) ' a. r i 

F ~...i. ) 
' p p 

A. 
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'a ) ' p 

,. ' •1f ·111\. 

I'1 (A) ·-•f t 
r 



This I'lorita equivalence 1.o1ill 
cyclic characteristic classes 

quickly 
for K(A). 

yield &ee c I1) belo\..I the 

* Ho\..lever:-, Lo constr uct the Chern char-acter for all K (A), or dually for 
all K* (A), ve need to observe also that, slnce GL(A) .. I'!(A) - algebrc.1. of 

··ttl sq.J.c:l.r-e mclLrices over- A, we hci.ve a homomorphirrn of the 0 1·(•1q; .ul ·;i;·iu. 
T[GL(A)] into tl(A), and thus, by tlorita equlvalf.)11c.e, a natut'a.l 
homomorphlsm of the cyclic cohomology of ~[GL(A)] into that uf A. 

(M) Cycli<.! c.Jaa1·„.:u.„t.e-•·istic cl ... iS!:..es. ut p1•0J.e- .... t..tve A-mo<lule<s:. G .i. ven such 
a modul e I1 1..1e can find sorne r ·. 1 i:,uch that :t1 is isomorphic to the image 

of some projection P: A
1
, 1- A

1
, i.e. sorne 1J-t·•••put,„:.11t P' :t1 (A). 

r 

No1..1 consider the m-dirnensional cochain c of I'l (A) \..lhich is zero unless 
m r 

all the m+l variab::eB are equal to P. Thi1::> cochain is cyclic, i.e. 
m 

c (P, ,P) (-1) c. (P, 
m m 

obeys , p), iff m is ~tf•H. Fur thet rnor (;, 

in thüJ 
bc = 0. 

m 

Cd:-Je, using P•P P, it follo\..ls tha.t lhe Hochschild coboun1~ry 
The cyclic cohornology classes 

can be verified to depend only on [the Ll~bl0 isomorphiLm clc.1.ss uf] th0 
module E dnd will be callPd its cyclic char~ct@ristic classes. 

even . 
The homomorphlsm eh: K(A) __..,. HC (A) def.tned by [E] 1--4 [ceven(E)] is 

the requisite t,11.,:,.r-n. 'lto;·a,:t-1-~r and is 
suspenslon maps S, thus there is also an 

(N .> Cyclic <..ohom-.".'.llogy ü f 

function.s of m+l variable~_; 

ordinary coboundary. 

Tl;.~· -: ulu.1~aol<1:._: 
„ J ( C ( G ) , ,<; ) i "-' 

on G, and 

IIC(G) C>f 
r-.-.z,1t€--d t<.-• 

compa.tiule 
induct'd eh: 

\..ll th 
I' (A) 

the degree 
-~ HDR(A). 

Let Cm ( G) den o L e a 11 tr 

2 

let ,c:: C'1 (G) ~ Crn+-1 (G) b e tllf• 

cycli•-: cu"t~h.ain suhc<-,tnple.x 
c,-,h_u1,1·~·1üc.-: i HG ( G) o f th~-· 

In other 1..1ords the second spectral sequence, of the T-sygd.n douule 
complex of the cycllc vector space C(G), degeneiates at Lhe second term. 

Reca.11 no\..I that HG(G) coincide~J 1.o1ith the cohomolo&!Y of lhe cla.sfaifying, 

space BG of G vith coefficients ,f, i.e. the so-called •.<ahc.mc-h•"';V of ~lu 

g1•oup G. 

Thus 1..1e can use the Hu1··e-wh·z honi4.J1noi phl.s:in to go from the hornotopy of 
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BGL(A), which for G - GL(A) is essentiall~ the higher K-theory of A, to 
th0 above left-inva.ric.i.nt c.;ohomolo y, wllich injects by clbove theorem, 
into all HC(G)'s of <legrees higber by even numberi:, 

Starting from ;r(B(GL(A))) we cu.n Lhus reach HC(r(GL(A))), from vhere \oie 
fina.lly go to HC(A) using see (L) M:orita equ.ivc.1.::.ence.. Thl:;, 
complete::i the description of the Ko.roubi character for all of I<(A„ 
[irnproving on T><o·1·anir„, who had ec.i.rl.it'.lr given a homomorphism of K(A) .ir..to 
Hochschild cohomology.) 

Thls character commutea with tLe de ree 2 suspensions S, thus induclng a. 
character .in H0R(A) . • 

There are very many interestlng applications of cy~lic (co)homology, of 
vhich the followiHg seer.1 most appealing. 

(1) lud.ex t.hEöly 11.d „i!L<;.y&~ts .r:•n foh_t.f.'»d n"hulitolds. Our 
was rnotiva.ted by the problem of finding a e..,.t-wis"• indc•'"-
folia.ted manifolds. To do this it vas necessa.ry to define 
chara.cteristic classes ... 

1974 thesis 
t, "I ~ül ofo_•in f ()[' 

aIJpropr i"" t e 

About 6 8 yea.rs later Cannes succeeded 
tl1e "unreasonable" quotient space, and 

the key idea being to ignorE 
in:-stead focus on a natural 

* non-comrnutative C -algebra.. 
to solve this problem. 

Cyclic cohomology wus discovered by Connes 

This material is best sLudied from other sources, e.g. Connes own pape1s 
and book, and thl' book by Mü_r;e-S~h<•.ht•i:., but we note that or.. p.130 
Cartier does take a very quick peep, without giving ull definitions, ~t; 

the interesting example of thc. n,1··a-t.1on-.l .luw on the 2-torus. 

(2) lDop sp~~e~ W8 know already that their equivariant cohomology is 
1 

a cyclic cohornology. Al:io, the pair (XS ,X) is importanL for erobeddin. 
theory, and, following \1/i.t.t.~•11. u.nd A~ ·-..h, also for index theory ... as 
well as for c-ll pt.ic 4....0hom.:;logy (?) ... whid1 uses t~_.r•ukHl g -•>Ul>S (':') fur 
each one of which there is Lhe K-theory of M„na"-'1 (?) ... and also loop 
spaces ar-e basic: for: the .;:;;of,1-.••~g theoi··y (?) of physics. 

(3) CohünK•logy ot Lle <:i.lge-L1a:;:. Since this is dual to de Rham Lhe 
connectlon with cycllc cohomologies ls obvious. In. fact Tsy~an 

discovered HC(A) as the pt·ltn tJlvP ~oh~mv)lor;v .of thc Lie algebrcl :tf (A). 
By theorern of Hupt' the cohomolo y of ql (A) is -gener""t;ed fr eely by th~se 
primitive clasbes. 
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Given a fini';e SE.t (or s 

x: S _ _,, ~. Ev.~-s x(v) "'1, x(v) 0, 

equipped \Jith the topology induced by tl.e metric 

11 x-y : 1 2 
-- r, 

V 

2 
s(x(v)-y(v)) . 

1 et denote 

[Each x is called u puui.+ of th~ sirnplex S, and its value x(-v) on the 
,;1-•rt<?>.::. V of _, is called its VthLrn\J'""Httt< •·c1nrdau~tt•. 

Fur-ther rnore, 
associated tlH 

to ec.i.<.:h fun1.::Lion 
cor1tinuous rnc:.p 

t-t : s 

• T*, U\._.(x))(v) :: ""{x(w): w 

finite sets, 

-1 
fi (V) } . 

Thus lower sta.r is a cova.riant functor from the category .. t.f-< C'f f i.nil ~ 
sets into the category 1~. of (metric) topolo&icd.l spaces.' 

CB> However we will interest ourselves ma.inly in the subcategory Y of 
~,, whose objects are the set?.:> S {0,l, .. ,s} of nurnbers, a.nd whose 

mor phism:-.; t-1: S -!>- T a.r e order pr es erv ing müppings o f thes e ::i ets. 

By a G1;iipl icil set, A is mea.nt any contr-c.1.variant functor 

A: 

from t into thu ~ategory of 
;l.ul'f.Ji-1.t.ci„-2l bt ~1t!fh.;, etl!., roean 
categories r~.-1., ~.r,..,-,,1•···, etc.] 

sets. [:.ikewi~e ,-iuvpltc u1l ·i-"H'"· 
contr·ava.riant fun~tori:. from .N inl:o the 
Ue will also denote A(S) a.nu Aet ): Arr/ 

* * }( * • A(S) by S and ~ T • S • 

* Ue equip the disjoint union of the product topologlcal spaces S* 

Obj(A), with the equivalence relation ~ defined by 

s ' s 

* * (X, f ( y) ) - (f", * (X) , y) , X S*. , y T (H: S ~ T) ,:... I'lorph ( f) . 

The quotient spa.ce of equivalence classes is e;alled'-·' the i!•t=-... ·iliz..it.ioh of 
the simplicicil set A, a.nd will b& denoted by Al [This is Set>;-Ml '~ 

1 

r~formulation of Mih~0r's definition.] 

FurLhermore each morphisrn 1: A ~ B of simplicial sets, i.e ... rraps ~(S): 
A(S) _,, B(S), S .- Obj(Y), obeying the obvious comrnuttl.tion rules, has tl e 
H:alt„;1ttott jrj: j Al ~ ! Bj, which irna es the equivalence clas& of 
(x,y), x _ S*, y#- A(S), to that of (x,T'(S)(y) ,... S.., "B(S). 

Thus realization is a covariant functor froro the category of simpliciul 
sets to :; 11. 
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HD For examp l r.:, Pci.Ch c;;:impli( ud ••Ol1aplPx K, i .. e. cl.. finite s et o f finite 
sets closed under subaets, defines a sirnpllcial_set A(K) a~ follows: 

* Associa.te to each s Obj(A)' the s et s of all ~equences a: s 
{0,1, .. ,s} ~~ vet't(K) with Im(a) ,_- K, cl..nd to eu.~h (H; T '4 S) 

* * k * I'lorph( .+), the fficl..p t1 : s -t T ~-! (a)(t) - a(t1(t)). 
' 

A(K)' t 

K* = {x: vert(K) • ~. E S x(v) ~ 1, x(v) 
v-= 

0, supp(x) ~ K}, 

lixyll 2 - E sCxCv) y(v))z. 
V• 

[In pat ticular ve note that j A(S) j .S* , wher e the S on t.L.e 1 ef t s iJe 

denotes the simplic:ial complex consi&ting of ull subsets of the finite 
s et S.] 

Rt·1ncn /:. __ Any set K of simplic.:es defines d. subca.tegory of /.,_~., viz. thc:i.t 
whose objects d.re the [nonernpty] sirnplices of K, wlth Hom(S,T) eropty, 
unless S T, when lt consists of just this incluslon. For thilO; 
ca t egot'y K, the next constr·uc t i on ls akin to taking the ,-J~·r·ft„=-.d K' of K. 

<D> By d. <'1-:iJll"i i11. "' f.•"!f,f'.•f;•Yry '~ we roea.n eit.her an object of 
the 0-chains] or d. sequence ~ 1H 2 .. t:tp [its r..r-chains, p 

morphisrns, with ima.ge of ea.ch ~onta.ined in the domain 
followinb lt. 

[ thes e 
1] 0 f 

of the 

cl..r-e 
i ts 

one 

The Hrn::J1:.,.chil.J fduP..,. of a chd.in are obtained by composing any t1.Jo 
consecutive morphisrn or dropping thü fit'st and last ones [for p 1 the 
first face of ~: S -~ T ls the object Sand the second T]: thus e.g. the 
fir1;;t, second, and third faces of of the 2 chain ,, 1~ 2 at'e „ ... 

2
, „

1
„H

2
, and 

·1 
1 

, r es p e c t i v e 1 y . 

Also, each p-chain 
identity mot'phism at 

g l v e l:3 r· ü, e t o 
any spot: e.g. 

p+1 (p+l)-chains by inserLing d.n 
Horn(S,T) and r 

2 
~ H u where f 

1 2. 1 

Us.ing the well-kno'Wn equivalent definition of a 
and degeneracy operators 'We have thus def ined 
„ u . ; ca 11 ed t h e n&1··ve- N c~. ) of• t.h;~ cat~gO.IYy• <,;~·. 

~implicial set by fdce 
a s.implicial se~ k --~ 

The <:i..:ir:..sit~ylng ~p„ <:..."& B(1 ) of Uu:• ;: at-ego1•y ·(: is the red.liza.t.ion i NC )j 
of this simplicial set. [Th.:e is a reformulat.ion of Scg~l's account of 
U1•ot~l'H„ndi.,,.-:k 's definit .i on ] 

R~·;0»iat·k. 

as many 
Eac:h p-d1ain of 

arrows a.a edge& .in 
deterrnines a 
a p-sirnplex: 

commulative 
to do this 

cliagtam 
simply 

in f": wiLh 



other aIIO\,/S d.,' '<,ropoi;;ition~. Thus tl f rn„ •• ve v! elf!. t, loo' ed t L. 

the con"raval L~nt functo. on .f "'hi "1 <i.s~i..:;.r.~i, to 1;1-.~ch c • C, the ~et of 
a.11 such i d iro(>nsional ... tinp „ • .1 • .-1m_-.._.it.~~t tva:> d ""'; dil • o f 1 ookc i ~ t 
U.i~ WcLY tht• Hoclw1·l.i:d fac .r nf a chri,ir. 1;orre i:-ond Lo the <,'!\a.l'lc!I 
~.:m ::.i ·ici::. l'ummutative d.:cl.gr·d.fül:. obt.dn •u by omittine> tl.e .:n .... i<l ·ut 
bvtphi.·m~; of uny V(•ttl:"\C of .·uc-1', clic1.g1um. 

<I ) C'cCh •_uup C deterroir.ec l c t -..or.y (G) c:.1.~ fo:lo...,u. 

Its 
t (j t 
t. 

0 0 j u-:: t.., ar e 
is., emp ty, 

"f f, < • ._ l <- >LJf.1 \.. 

. ~ l.nw<1gl: ,J 

I •Q >. 1 , 
b, and 

[ ":! r !> • 

BG - G*G'A 

tl.e 
J „ 

set 
f or 

f'Ivrr:•h Cs, t) o f 
) t, Ie;Jp. 

/G 

This clr1.ss.:fying i:spae;e, tl.e quotiE.Jnt spctc:e of t:1e 
th~ i.nfir.i.tr· siroplex, va;:,: i.11tt'o<lt.:.cc~d b-y :r'lllnor. 

'"Uh th 

, 

: f one u.lt .s inotl;! ld 
=- G, onE> ottain;.J G G 

Lhe ~dteko~y with 
G. .JG. 

or.e objE.c:t * , ar. d w i t h !"" < pli ( * '*) 

( 1 ) Th i d e f ~ n i t .i. c• n v f re•li ... i.tio.1 ;A ßi,ri:.,r. in (B) rnakes Eer,sf... 
tu the 

f or c.l. iy 
f'd.°t l"'t::,0.L y contr clVc r icu,'; "'UHC'tor A, from ny '.ibc ~~ c t;Of'Y 0f 

„ :or ttJ •hi:> 1..>15&,t.:' C;; l -=- <> I y · -.·~7 '- J • 

Fot:· rn(;cny PU!:'POJN', 

srna.l::. er u ·• ~' ~· •· -v 

u.g. 

1 0 

for <lefinine;. (·0)bound<-Ii ...,, it is th0 .nud1 
-i· of •••1 loo._u •hi in whic!1 rna.tterf>. :N Jtf.. t!1..i. 

iJ1r ~j ,,_ ..- •I~ I t 

F0r exarnple, a to~c;.l ordqr int.. of l:ll e ~et "•rt(K) of V CI t. rE•. t 
/" 

• "I • „ , 
c ornp l X K, givf:'s th c:ortrc.1.v r i"":l t. functor .Jtrnp„1.Ct.cJ.~ c • ~' 

wL i 1:h mapu ri c'l.C..h s "l b.e ...., E. t of J.: d r ~d lJ s.:..rnplices of K, i.nd th 
realization of ...... 

"".1.l L ) ls 1.G; in K*. 

„ 
L • " 
Cl f c 

Thu bi gtr i:.:ubc.üE. ory < " of c , o'Jta.:.n~d 

1.n<l c..onu.:.dct .:ng Objl• „) wit.h d. 'otul or'1er, 
mor b.i::1m.~ S --. T , i.s d.lso 1..lseful. '!u"' .ver .hc r 

~an l>e .-:ieer. to 
IUhClOI' ,f 

contravaridnt functor ·~ 
co.reb onding c:ontra.vur-'o.nt 

(! f t ir> '' l 1{ l 

by -.!quippln~ < eh c-

011:!.. y or-..G.t.Jr prc ... 1:..i:vi11 ~ 
c.l.°!.izut ior. spc.J.c cf e ~·:1. 
coin ·ide wi :r, .hcit of 

L 2) IhelP lik\!1y 

e.g. 
ot 1 1 f l.UH t.01-...,. 0( .~ to d 



* the .., et ,... 
f all non Il' v I • 1. i r C"' , ~.:.) A::;soc.late to ec1.ch E: ·- "'lbj( '

0
) 

vu .rrc ..,:tl1 imae;,( in K. [No tot OI ieI c.n v~rt(K) is useJ. 
, 

mht_ 

teul.:. ... ~tivr1 )f th·. ft".ll'„ar" 
0 

~ t 
- .:.> not K 

* 
but i t 'l cl. ~ 0 

t:1.dt!.itiotH: top dlmt!n.:iond.l "1.o-:.f· "· ;o Ll"f[('ten+- (« 1)ho.nolo~Y· 

( · i.) Cho win~ ~,ome total ord0I' 0"1 v rt(K) 
... ,1 orde: pre,c~rvir."° maps S .;. Vfit(K) 

d. ~ ocia.tc 
V i th .:.1 •le; E 

ul-;J'lO( iatei.i 

Ob j ( · ) 

-" is lhe si1.upl ·cic...l sei: r.o.„t often 
r-t::alizatloi is K*. 

(iii) Chooi::.e !, >'ll ~o J„l vrder j>n Vt:ltt(K), 
1L h 5 Obj(. C) ""l: otd r" prN.etv:n n. l 

f. l -~ s:. lt. t 
functor 

th t 

0 
given ln (1) 

e.1c:. v r~ x rEp tf_ •- mos. · ~ 

c.o~nc.ides with the exc.1.rn le 

K. "'hi 3 , l.P 

to K, · x„d .:. t 

<Lll I 

V~tt(K) 

1. A !,Oe i .c 

w i U1 i TI<"' e .i. n 
to 

time~. For r hi. 
( fr o .n E i 1 e n b c r ~ .St e P n t o l ~ 

'' (. .t;.=- I} f ~l~t '.l!t ._ <_;(>ft 6/• <.1:t t•ifl fun. t. -t ~ til ... • ) III.._ l '" t 

Thus fot a!l odd r- ~~ F Jt •v n t 

i.t would be intereßtiug to work out the rE'._:i"' tiori, [~r· it would tiVt 

e0rretr-ic.c1.:!. ba!.ds for the geconc p rt of thf.l following. 

(, ; > „in 1l >-=-. c 1 f 
ftJ.it• l ]( 't •1t.l't.• thp (, <-•).;.1n1" 'n \J [of tlH:1 link uf t'1t.J (,, p y 

• impl x] ·•t p ,,_ t . .-. l ( ·~ hn1.•h• V ·•t K i „. fi,_ ' 'i , ' if.~'t (.; 

" f " l l L' l au " t !( 

[Fu.-1<..:tors (:)und (iit) wl"tt con idi:-rt:d fir...;t by n!.er.] 

'3) S•ga.l c.J.:!.~.o ive'1 vcry lu.,;ant def:nltions of comt: .,,,t<·,:t"'d 

'-4 one geni·r~li.:nt;;. th t defined b_y lci1 v for [opu1 et ..... ] 
d hPc~ce. And alJC• anoth r ~Ilt', -:.l!l(Idli~iri tl. t uf 

At.1yah- •btu.d, which re'c.tl g\1'Il(r,llized (c.o)horrology of < ,..or. l•x 
to its ordiriar-y teo)howology 

(4) Aper ~ntly Q ullt• t'fJ "homot'>PY c-ol "mit" (?) . , r:<.l<o nothing but t11c 
cla~~::ifylns .'lp ..;" of cat •t.;OIY. .See p r.>er vf :t-..:1~t:;l l'-. vj1lJotv ( f._r 
thls <:1.nd applicationu to ..;or.1pler„er1ts of aff l11e hypet•pl ne ur-r·ane;.er. erit!... 

~5) In "Forrnal theor.:.es art:..: acy1...lic" we .tse•l bometh.:.n very clc1„t.• 
tl1e oimp,i..::iu::. -.·~n..m 11tc.>tive diagrcrn C:.i:;.„riptior. of ~he clc.1..s.;ifyin= Jp"'c..
of a category. 

(,IRc ll AII !LA<,,,.. f, ' 

These occ.:ur in th(: vcr-y ·„}_t .... <ction (pp.274 282) of 1' c bool-•. 

Let (T1) ll not ...) ,J. 
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t:•trJu•ddttt• of 
th ••' p~c 

U1•'" d k D 
f r ( T D, TI"I) 

in a ~mooth r. -mar.i fo:!.C.: ~ , 

cl it enn ir.ed t y th d r t utn , 

The t..lat.-St'::S in quet1ti011 ar-t:: tlu_ («up-) pow .!.., 

->k'I'l) . H2k( (I'I) /Sl; ~ ~, 

t<> pol o g L~ e r1 a. 

f ..... f* , < r 

of t:1e char ,„t •r .:.bt i c <·•h o (?1) 
2 

o ('M) 
· „ · < , „„ .. . Alti:::x:nd.t.:.vely, the..,e <H 

(,) f th 
~he 

d.„ O< i J. ~. c..tl f]f Li"!.- <f•'1• 

unut 1 "11 t ..i,ctur i. t ic 

k •·V ub • r v ~t·l"ll 
f:'(l'l) 

So if, E, 6 

then f1 "1ill 
I'1 

not 

of tl.e f 

tu•,, · 11o•dh ~ 1al·~·dd t F' f :!'! 
(JIJ„, •tl•U•i ...,,„_, tl 

* t-( .{) (o "(N)) 

a.r .lU~.h 

in N. 

k„M, 
C'> \.H.J 

L •• Z I 0 'Wh .:.1 t-' 

-:.:u tt..r-nt.. no'W to t1.e 4uet:ltion of c..ompu~itL tlH.=E>E.; c.lc.1.~uc::;. 

<B > 

{(v,v) · 
•• 1 

J r.. •• :v" - 1. - .!w1l, (v,w'> 

of vr- .bonor-m .... l 2 N tc tll ur.dE'r ~h 

(tl) . 

k 
1- ( I1) not, 

0}. 

i 
(' (v,w) ( C 0 ..., • V t ü i Il' i . W , - ..., i n~ . V + (.. 0 ~ • • 'J ) , 

the (s'.1.:>ti •nt V( n / c 1 
,/ ~ .:.s cf oriented 2 plcnc.-:i of 

Note ,.1.ltio tha.t V("i:_fü) cornes with the ._n„uu., <-•H (v,w) ~ (w,v). 

euch (v,w) Vt vith thll .8t..Liction to of the :. inec.1.1 h. en t i f y i r.t:. 

erobe•ic' ir.g J.,r' rlef inud 0' 1 ,,_ V 1 rl.Il :l i w, Wt wil 1 

tl .1·r1k of V( i..) · · t b f . H ~\n t iv,ir .i'-- ci ~ u Hpa.ce o (Tr,1) 

'f t ; tt V ~T r:) 

t. '"•f 

su'>..,pd.ce 
0 

( ..:n) of sr.. ~oth emb<.•dJ.ir.;,;s D 
T f, 

~ LI 

t~) retr ~. :.(l'-m) onto t!1e 

'Which ma, 0 tu 0. Next, 

fo~ r: m ) ( .1.' Ilr ') \T •-. J \,,1 ~ -

t>rmon > 0, such "Lhcit u.f+,E".' lti<-d« by ft_ctor ~he flct 
t-•ro~„„-t-,uH of a.11 tl1ede 2 rli ,ks, vn t11uir c.:.n·er.' .pcJ.CcL tlt C, tlI 
st i: l f'lT'iH:Jd i.ng~. Th f inc::. step i. 
2 d gk~ t lin•,1ly rnbed<led 2 iJkJ 

to iV•I 1wih „. thet..t: flcl.t:y t.nbedded 

• 
TLh: retr -:tion [wl:.ich UDE'd the f et t h.i t c I • 

(. 7 



'n• • •tf] al:ows T.Ju to use the :nfo1mation availab"!.e aLout t.he culi.vffil>:ogy 

o f V C m) c;.!l d V r m ) / S "... 

• •l 

m 2 
I 1 f ft< {f" ll (• 

l.f t l 

! < 

I l #-

m :!. 
0 an<:: n 0. 

V( 

A „; 

t „ '. 
The obsetvation o! (A) then !:lives t1.i~ followi.1e; V.J.r.i h"ne; ·1ltu1lu11 

t tft1• 1t.ttH1 l :a~ll ,„„. - . 

1(!'1) H2(m :!.)( .• ,...1 ~ '\ 
~ I ; -' c 1. 

, '' 

l l 

(( P' t.lt. ll tl r a1t l ' l ··in c:l !.S. .... t Le>t E X [her· X i: c:l.n polyl.E'd·"rn] 
be cA 1 *'•al l • , tc t l1Uiltf .t• l.J i th f l•t „ <.tlilt~n .iuil. .1, a.1d, w1.th r i:>upe< ~ to 
some f ibre metr ic, t V(F) b 1 „le J..socid~.:t buw!ll of orJer <.l 
ot thonor ri:cl.1 2 frcl.r..e. 0 f thE "ibre< qi...lr>rcd w"t11 '- fib wLl cir 1 C 
a.~tio11 and invo::.t.tion d.b in (B„. 

Tht: 
th 

' ; ' Lf l•Ji 1 (1 ' ( E ) 
rai,ional Pontrjd.gin 

1 
of tli.8 ft ee S -spcl.c..:t: V(E) can be u 1;.d vO cl f 111 . 

r l • •p<. <,,: t.io l 4. lt n ~ 

n 1 
c. 

t ,_,, l .,.., 

lasne,, of E „ X '- · fol low..,. 

+ 

( 'k) 's 

* „ P ( r. - 1 ,• / 2 ) 
n 
V 

q2Cn 1„(V„E)/Sl; ) . 

f,,,„,f Sin«E.:! n is od<l -i.nd bige;,tr „ltln 2, thc cohomology of thE.; f.:.l::i:., 

V( .n ... /s 1 
of V(E)/S

1 is a f.HJ n.u,a' l <Il--..~lwu tr 1 tnf'.:i.ted above dime.1sion 
n 2 Ly PtopuLltlo~ 2„ 

So, by th( l„ Ld\i-Hil .eh fh<"ntE n, . f<\., cd1omology clas& .: of V(E)/S
1 

b, w.t'itten uniquely clS •;' 

* + rc 
.1 

,... ) •• .1 

t. 

11 2 

For t1Le case ~ l/· 1 
under consideratic•n, tl.A ~oeffir;~e.;:-_f. 

power.; of „ mui;.t 1.JE zcro iri t1:1i c lUl„lon. Thi" follow< üy 
.:.r.volutior. of V(E) to ci.bove equation: " !> ,._or..e: 

of tll 
pp'!.yir.5 

hut 
coefficients are unGhan ed, bEca~ce th~ .:.nvo:ution cumLutes wit~ ! • 

If n is even ciüd bi~;ier P1 n 2 ".;ru rk ~E)'s ari:., 1„h,f"n .J d, 

usin...., F. ~ iu...,tecJ.d of E. 

C"d.U 

1.. J.C.:. 
th , , 

.L • 



The cor' untir.+;~, invet ~ t! 

L:a:: 1 ed tl.e c1u-1 f• u1t> J'l 

.c „ 

' I 

tot 

tlie 

l·c•,ct<,j '.i. + )l 

v e '-' o r b a\.d :!. e E 

+ Pz 
X. 

+ ... I e 

011 "l. T f n.„ c 
X L 

1)tfl ">'-"-'" nf • ~' .. il r ' 1.1 n(E) .• , ,, 

n • .... t••t t.uncll„. E Pnnt1 10. <.n c.o· 
;U: „ ,_„,,._~t i..·.J> /.„ r l•lri 2(m n) 1 

Th üf;$1'i 'W(J i::":ill •0t u :e.~rn detuiL thL„ follov.., :wu, p.;81] by 
"an ea~y cu.1 ·ulu.t L.111". 

[ Pr-obd.b l y .:i imi lar 
som•: duc: ...:t f„ f' l 
some mod 2 «Ll.LJb c;J 

t c d. •• 

h„ -l~" V 

o f V 111 

8d!': ·. f•l. 

{ l '! 

c .~ L ~· i 1 x•. · 0'1., vh i eh 
u.~ constquencc of 

K><:tmp" 11.]. 

I <S :; h e c o n lf Pr }., t ,.., f t !1 • c.<.bove im'} irv.t ion [ c;.Il<l lik 
zero" ~ " SW ze~o"] fdld • ? 

tl.Ve 

tl.e 

of 

Vd.n iul in1:o:. 
v ni, Llrr.:; 

"Vttn 

([>) 'Hl'JOt i& Plllht.:•dd.:ibilif.'\o' t. I lt: l i;) l. U nov us. 
vf !'1. 

tC) wher. X is c ~mooth 

n mc.lnifold und Ei the .1r.- ut l>t.1n.l· 

f t Of•<> „1 t li n "» 4 lt!• •• tt. r >r lt fOL• 

(m·l.1 i J.„ • uf tlv {tl•t•l<t .rlr1~.-
~- . '"" , 
(i (TI1,.. I t 

E 1 "" t By ub ir.ts 
zero section, we 

tl.e ~·„ f · •IH· n.t •. zl U~<:ii•, 

'""""n flnci ...i.11 •q ivcric..:.nt 

V(TI'1) 

i r. a. 
lnc p 

1o „he teuult follov~ fr0ro Proposition 3. • 

Nov ul:'l.:.n P„ )position S or.e obt ir. c1.t o."ll.:t 
.... 11f:.tc•i•iua involvine; vu.ni..,Lin of +hu dual 
a.lso follovb f::om th~ \\!._\ th"•y In ~ 1•mtd ! 

tangent c..ld.sses <-t t• tb.e rlu.f.JtlL of tlu ~„„ ti„ 

f/{# h > lt! I 

t 

Put t1 

tc.i.n un t 
which 

n i!!>huou::hood c;,f 

•g 1 1-,;; ·mb ·d· ... b 
l'lct. l of I'1. 

~ho'W, thL t „he 
of ar. embedding. 

.he 

tl.i 
lu<.l 1 

[In the mod 2 ( cMJe one hc!.d „l.e cl!lalo&OUS 10. ~UU) .Jd.a.b l.t.y ( p tp1 Q i 

L1volving v.i.nid1:n of tl.e dua.l Sti fel !Jh.:. i.ey ..:luUJc..., of tl. lc• ~1 

d~l·t l Ji.h<J<lu<t of X, i.e. cl. LI·tll delet;„d neighbou„'l.ooc! of the t:ic ond.l 
of X X. Tht! analo y is r er fec:t b<:c.;cl.U&e thl:! tcJ.ng..,nt bundle T:'! i~ 1.othing 
but th12 errn of u r.ei.e;hbourhood of the di...i.fu,cn.tl of I'1 11.] 

TUN ·llt 

( 1) t,t.>p l•)~ , ul 1• o 1 <> • t.I ;• V 

iu&tcUJ.C..:e, it may be pos6ible ~su 
+oplllo. it.:al invöt ic.1.nct. of t~1e r„,.t ~nnc:.l.l 
c.:.rt:ula.r c:'..us.ses und cyclic ~·ohorn0logy 

.t. " 
to a·„1 lv.., 

P on 1: r I .J.g in clc.1.~.d , lL-1. 

Fot 
ci. t „lle 

•.heLc 

'(J T.tJu confined hi1 . .E,c::.f to tl1E: ;.,mvo+:h C'd>e o'1ly l:,(.Cc.U~ e tht-11 th r• ver c 

no tr>ol. cJ.V til b::.,. b, <..ornpute ~"'· ~l.e •quivc:!.. ia.1t c.:ol.umo:.o y uf tl. 
1:q.1 a c e o f a. l ::. +- o p >: i (.' .,.1 Nn b t cl d i l o f 4: 1. e 2 ~1 i f.1,., i u a "u (, l ~ <l (: u n J"" • f.J ] 

but n••w with louJ ~.a-·..,~ everyvht-„e -l;he Lituotior nigli b vc y 
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<liffE'r •nt ? 

A n .... tur«'!. U.ine; to lo 
. 

n 1 his C'O lt ex ... r„igh„ lH, to e d.~ X th s d.l of 
aL eml.iedding„ of the circl. 11. X ... Or, m 'l.ybe, the ~pt,;1.C'=l vf ~11 >n . 
1-un.:. t u.n t l11d.PL of tlu c .:._ ( 1 i ltu 

„ ..., [Th 1 t ~- I gl.'!"ler_li. not· r f . 1 

ck"..eted n·odu< t. of X, wh . c.:h "'d.LJ c.tl l nvn <.:vusta.nt f•J ic t ior,..., "' X 1 , 
? . , ... 

(2) • ,,, l • [.1c ,n t • i.. [r.ot~tior1 thick ! ] ,_,, ''t"u at , . " ,, o 

(A) pp 274 6 ttl, ""heot:~ru 1. 
(B) further till p.277, Cor1llcUY [ hB ii..1portcnt rtJtt 1.ctior.i of 
P ropo · i t ~ on 1 i ,, or1 top o f p. 2 7 7] . · 
(C) fuz:•her til' ri 279 er1d ' + ea.sy _tAl<'..tLdiJ1I" tl.F.".9..1.k on p.213: [th~ 
Gu~uu.lly ~iven L<=fülllu 3 -= Pi:'opo.Jition 4 if mo.s~ impoi:: Lc.nt. v • i!ö'..not t!<l lt<:> 
"',f.wt i.li;c.<lt~on, Theor ern 3, 'Whi h i · trivi l.l iu light of thu c.t'»v 

t • cll" + !. 0 n] . 
(D) - rei.(aining [p.280 looks at TM c..$ '""etm of the d i gor.c.\: 0 f !"! f!, c.1.I1<l 

given 1„ +h.E "J.281 g.iv0 •. u1vthcr eq\.l
0

Vt.l.~icnt r:\U.) V(T!i) ~ (f!) d. l.JO 

o..t->.Pll « t ~on Jf Pontt j ._ln' 1 c r-it• rion to u1.1b t•Jd,1li • 11 t y o ~ ~ orop l < x 
projective LpaceL ln euclidHau spac.:~~]. 

~CRRE ~PECfRAl 'OUEN'F:S 

Fr-om I t k.,,. ' ex os i t i on: 

<A, ß ~,[(. f l r r·o~ ~ 
, . 

"1pp. l ( cl.!' e t h e f 0 11 UIJ i.lt:.. 

< 1 Tv M.ny t • E „ B [ .:. t ~ u f f i • ~ t 1 c. ~ • i..;.r t 1. ... t 
the .,.,,~.,t,] ->Il r l..fo iJ.i"< cg1e.H't 1f 
•h t t ~ i •nt i •l cc,chcln c.:onplexei:..] (E., '. ), i 0, wi+h !T(E.) 

.1. ' t 
for a:::.1 i, which (..unvertt.e to the u.dditive cohor..uL.>tr.Y H(E) of the 

totd.l spuce. 

t !.) E. h<AS < f i.t' 
.1. 

than by dir..~usior..J m, 

namely by paiuJ (p,q) of non-n·g .... tlve integE.rl:3 s..tc-11 thci.t p+q m, c:.\nr' 
the ..-htt I<'n.ti~ir. [ cobourid2rie~] d., vhirh are pure W'ith re..,peC"t tc 

l 

tl.h, :i1.tt 1$11dl1g, huve 1.idegrE't: (i, i+l). 

<u1„ The •=-<01 u tto"l•m E
2 

ii thP co'l.o.,v> o •y of the ~> spac e B w.:.th 

coefficieut::; irt tho _•ohc,.r,ologie of tht fibr~s so, if B is ·-.nft •l 

~ 11t1l.~. t~;;:,,,_, ont• 11 ..J 

'iv > Tht>rt> i.s a p o• U•. t def ir.ed in each E. , 1.o1i.ich is 
l 

...,·th r-e~p c~ to ':he dim r •• ··or.al gr.:i.din~ • .J.nd ~ucll tluü 

pt LdLJ. t. 111lP of derivatives. 

-I~d( '-c.:omr.utcttivP 

~·~eh d. obeys th~ 
.1. 

(~ l In E2 ~hiri rodUC't i.· ~ht >n' d(;t8r..inud by the. lp 1 od t • of ~hc 
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bast: and tht" f~t>re; lwwcvcr· ":hP produ<"l: of t::ht> finu.l tPr·m E C' d.n b C' V f I y 

diffet'ent from the t'UP pro1ucl of t.h total spd.r 

tvt> Tht 
f i bt , t i >n 

:0r . ..it:::uc ... .i.or. is in:.1• 
t ano :.her L.d uc.: es a 

-Ul d i. EI. cl 

1..i-:.1-i)u,c;k rro~ 

.sequence.s. 

«vh> The i..'ojec..tiv"l 0 f 

inc:usion EO,* EC,* 
2 

.1.u<l tt _ d hy f .1.t;. <• i 

nuturei.1 

H(E) on i t 1.1 L umroand 

coinC'ide:=i w·th 

,..*, 0 
Ird.P '"'?. 

.,... * '0 .:. 
•l• 

f .i. bt t: 

•h ~mn 
rnor phi '.tn 

il1 thPiI: 
f I t)ffi <>I1 e 
81•C'LI l 

.n. , * r.- followed by .„ 
the n. p H(E) -.. H ( F) 

followed by "nclu.;.:.on ir. 

H(E), c:oiri.<:lde.s wltli tl1P mc1p H(B) . " H(F) 11d11• .._ d by t, i p •! < t..i n 

,.... orn tllis it fol low,., th.i.+ :f .,. f i br Li t i on w ·, th «.>nr.ect r cl. f i bi. f 1<.H 

csPctton, tl.er. r:;•o i& fir.cl.:!.. 

Cl!:._} The l~.„~ no1. tLivial c'lffet•Jntial- or1 thE. Oth cvl..imn, i.e. '1.e 
one::. wlii.«1'1 1.onnEH.:t i L to the Cth r->w, d.t'"' '=< lle.d ".he t_.1·„u1_, of 
tht' fibtc tlon. Th8::.J8 .,.r • dE:fined or.ly on cA. u~t>~ 1)ac:e of H(F), ith 
values ir. et quotierit l:.i-)...tce of H(B), i.e. they ... re "p rtlc..:!. muny vulutcl 
func tions" from H(F) to rl(B). Vi(\,1E'd cJ.„ ~,ucb they c.:oir.c;.clE' wi+-. ~h 

c:ompo.;.:.tion of [u Luit.J.ble restr.i.1...tion •Jf] the c<r.ncLtine; horur. tpLi r 
H(F) ~ H(F,F) wi.Lh thE rvrxeq>,...,nc •nc invcr ..... e to tht' r .... p H(B,.~; 

H(E,F) lnduced by the projection. 

i: • '"!. l 
we'll 

kft ·r. cvn<tru~·ti0ni:. 

pluy i::.omu 
i r. ~C) c Ild ( D) ' but ? i < + 

::..PECfRAL f (.-TAC TOI. Spec+rc1.l tquer.ce t'c lculu.tionr, cHe dor. bos+-
t"1o-dimment:ionJ.lly. The Lill11)le ones bE low ir. fcA.<'L EH,se.1tial ly l'ec1 uir 
or.ly tw•> rnclr ks: · ~", _„. 
the L ~ l· ... "?" (ot or.p!.y 

''x" to •l1~11oto tbe < o fficient.i F „ ,,c:\y _., r.d 
spott>) for 0. 

<L.1 ) tJe stc.:.rt the >ro .... •eJin...,f wi.:.h ... be fibrcLion 

whose .rojection • mc..p& tho po.:.nt~ (z
1

, 

of the u11it sph~r ti 
s2n+1 of 

r. 
tlH ~ '.J 

1 
n . this is Lh Hopf b .... •:.i.-. s .1. 

" 

, z ~, r. 
1 1 2 
'Zl + 

r 0 ir. l.f [ .. 1 ' •·' .~ ] . 
n 

. s1 ... sz.J 

+ 

of 

1•1 ~·p.o - t lün t 
ft •i •lt ,,n_ 

Tl l . l - Hm(-."n) . lf UH• t tfi • <l i'"Jll "f ~ • j. t t·ntt.H ' ._ 11 

z 
r. 

2 
- 1 ' 

t l.rtf. 'l }„ ,j' ,_ 

Pt . •n f S in c e H m C P n ) i. .J ... o r 0 , d e p {;j n .::!. i r. 
we 1Htve 

on whether m i, ~" n or o d, 

E.., 
t.. 
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• 

b · · w., or.ly U.e"l c n w geL E 

Nov i f e : s a. b \::; i e: ment 0' 

·-1 'J • we have t hec l t d 1 

E
2j 2,0, 

l - 2 j • !..et lt. b11 th 

e. T11 t•n g . { j i. d d bc.t 

B > "'h e oo . p •• . X 

2,0 

·~zc·pr, „ ./ 

J , .n ;' is 

• ' LJ clcmor.+ 

1 p 2n-2, 

E . ] 
( 

.... 2 • IJ 1 

~2 J' 
C\.b,JUffiO • n<l 1 t i V , y th~ ... 

bc.u:; i~ 
t::'o, 1 
.... 2 

,2. • 2 
€lement vf ! . .J I' rr. 

[- H1 (})J U,...l 4-}, t 

• . '-' nt of E2 ~ 2, 1 
2 

anc.l so 

e; 0 ( j 

() f c.l. d. + r. con11ec..tc<'.1 ldPc.l.<.: e X 1.c.tv ir.ts. .... 
d1~tingui~Led p~int xG' tr.e s >d.<.: e [with tlit.' i..:or pd.ct-o "rl topolo 

of ct:!.l mups c;
1 

• X uch th t . „ 
x:O' er. t !:'S :n ... h(' ... t - " 

.x _ __.. EX t-- X, 

wl-.er e EX is the <'CJr. tr c et· l>l e space (l f all )athf.> sta.r t.:.n~ a~ 't , c r.J 

map...:: any ~ui..;h fw.Lh to .i. ti:> t:nd • + 
!JO J.!l .... 

Th. h••ruo (•PY . ,„ q. of X und. • X are I elcited L>y 

'm-1 ( X) I (X), 

which fol:.ows f r orn U,e 1 Oila; X:d.t.:t hü1r..ut.01 y q I'•ltf'(:• ..>f tl.ti abOVl 
flbtd.Lion. 

[ I 11 fc ( ': t '1 f' „ lity (X' r.i -' '0 ( X) th n Amber of 1)ath 

c.:omponun t.., of the .r.ith t „ l c l•-op ~ ..!'~ 
„ li:.> fr c uen t l y c ho ,. ü i + ( b E. 

the deflnitlon of r- (X).] 
~/ 

a Hll lt l • l-t• <.J J Il 1 ~ ü• / •f I 1 

t roo f. r; ir.c ( tl.e 
dimenslon n 1, we 

homot opy [ .lnd ·w 
know tlH t\Jo non 

( ·o„r omolo yJ of .S 
n 

t ! i V i l r.cl i i t."" i C l 
L .. t t:' i V L„i.1 b ::. ()\,/ 
cu l umns , f ~ 1 

&econd terrr E
2 

helght n 1: 

!; 1 '!< 
H es _, H c ~1 ) 

72 

l 
;;;i • .c i l I d t i nn .., f b ..,1 '"' 



But E
2 

o f , r.e 
u ther 
2(r..-1) -

E 
Il 

f; I ,J t 
co:.umn 

c 

0 
X 

hc.s tcJ collap.s 

< o 1 urm to b(• a.nd .:. t.s 
i.H.Jiai:,; .:.denti•,,.l, wr- noi.f 

? 
0 

0 
X: 

'H1dt•I i thi< 
r 

n-2 spot:J t .J 

both c.olumrw 

t.Jorklng upwards lik<> thi:..; we oht<J.in thc: entire f.i.r~t 
li 

H ( S
11 „ . et ~· d 

f or c 1;_ s h 

~(' v'u. Th 
b e 1 O\J ~l i =h t 

c. o: 1.nn, i. e. 

A sirnila.r 
cohomoloe:,y 

argurner. t ..,l.ow~ Hm C X) Ifl l (X), •• 1 2n-2, f OI CH~ X whot.e 
i< ttivia.1 below <llrnen~lon n. 

! B.c > Ct•h<Jt"i'K•l'" v „ 
(2r.-1.)- iimtmsi.or.dl 

such thd. t AA t I 

< l- ' • ·~1 
r.: n i f c.> l d wl11„ fl f' 

[ i . ffic.l. t:: l c ~ ,._, 

p . Rt.;cu.11 
pointi:, H'< 

wl1<>.., e 1 O\J;J 

vectors of 
n 

o f 1 engl h 1 ] v.nri de t ( A) 1. 

t.hal Sl.J(1.) i.,, 
cl l 1 r r. rr c.l. t r i 

cH ü f1 Ub.lc.lly 

the 1.;0„lpcl.C. 

»J A ov 

.•er per.' ic.; 1 r 

·op{• ~ tiuli I'nt> r.i <l'l„.U 
'lt: 

at<_,.L~o H (SU(n)) l ' i" , ,,,1, •i t>ln < „ t t t-

ft·ltt•r 'lt~·d .-.-..._tf:-'i l"i ül.___,,.J-.,-u nrt < , >l i fl t Ot • " Z , 
3 

, , e ·,, .l in- •1l 
r. 

1, 5' , 2 n 1 , , ,_ -- i ,,_ • t i i ,,_ l 

't.h Ul:lf~ indut•t ion on n, >.nd the sp0c+-r 1 f. quf>nce of 

SU(n 1~ • SU(n) 
Zn-1 

~ .s 

where the projection mtp.J euch m„trix: A !:o itu firE."" row. ~~U(l) 

{ 1 } , a.n d , f o r n · 2 , t h '} d. b '> v E iE. ~ horn omorphism, St• SU ( 2) 

Th() ,3 econd t errn E
2 

H* (SL'(n-1))'; 1t' c;fn-l) consi.~t_, of two identic 1 

t..!O!U1nr1b1 d.Ild it 
it .u_, prec:is~ly 

ui clecH ft om tl.e indtrt ·ve l.1.ypo":he .... i::;;, 
the xterior rin- c!f._,._.,..ib~d· „he n•w 

t h.cl t <l..S 

e .;lts 
v. rir._ 
.~ t t 'l 

(Zr.-1 , 0) ~pol, .:i.nd e .. e . 
l j 

-e .. ~. by c.up c.omr,utatlvi.1i:y . 
J l . 

ThUE,. the I'(:lqU irf.:'i 
,„ t •c>h "of-' 

rNiult i„ fH!Uiv ... lent to u<-"-Y in 
„•--qu ( · b~ t.1on d! 1<- 1 • t.<-

Obviously we do 1.1.uvf' E
2 

t.Jhat w • r.E-ed to check t" 

r„ 

zero on the Oth c;olurnn. In fd.ct, {,in..:: · it i.., o d~rivation, 

to che1:.:k thi. on i Ln rul t ipl · f'.dt i ve g nn c:c r d. t o r f., e.., , , e 
... n 

fo:lows at onc.:e by dlruen ..... ior„al c.011.sldE:.ratlon~. •1-· l. 

de ener f:cer c.-:: y:el1 
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,-,f U(n) Zon · now 1„ . .;i.n ex~.r ~ : dimensi.ori.d.l e>f'IH tttor r 1 : •Ht 

exter ior algebrc.l. generatotb ~rA in difuensiona 1, 7, • J • 

Integral ~uhom<J:!.ogy of ~ocr~) i ~ 11c1.r Jer, 1'>t...t ov1;:r thc f i( ld !f „ f ~ ""' 
"' 

elementi:,, t1.e .Jume ut1'1,.Jffier."!;, Eli ·!1tly moiified, yield.., the follvwir1~. 

"' • •h • J.f.) l ~ T1u-· r uJ„ ' (•t < tut /( /( „ H „ C" () c l ) ' .F 2 " L • 1111• •i l 1 H.• f • • 

f„ 

l::i 1 , "2 ' · ; ~. '•n . i ui : J 2 J 1 !'.1. 1 J 

for· O(n) union of two copic . ..1 c,f SC(n), or.e „:~o l.as an cu:.l.c1it.icn l 
l~r. r1._,ion 1 t ner Lor 

[0 D0~d one in faGt h v~ her~. dLd :n Lh! 
Lelow, ciL algeLrtl ieumorphiam ?] 

nP.tc liz +.i.or · : V l. i !. ( ß r- ) 

Aga.in o.1e .1ro1.;1.!t.:d.J induc:· ·vf ly tmJloyir.g !.he fibrc.J.tions 

SO (n :!. ) .- SO(n) CU 1 . ;;) . 
who ,~ •;pp~·"':t 1 .:H1u ·nces <lo di:·~0rerc t( < t E"'. Howc 1ut now th0 v n.:.<Jhin= 

L 

of d on thc top r :)St =•.merc1.t.>r n-1' ~n 2 of tl.e Ctl • ..:olu ::-., doe~ .10. 

follow by a dimensional tltgufuent. 

Inst eel.d or. ' '•mt1 u t wi th t:1 • t .1..,,er sphet i •.in 

is done by mupping euc.h m<»tri..-{ A o:: <";O"n) t o i t 
amount._. :.o the +otal · tl.Ct V 

2 
r>f this t<ng ut 

r.' 

lt.• V 
n, 2 

„ .....r. 
thi~ 

f ir ~ t two r w wl. i l 
Jh r e Lur.d l e, etc . 

.H_> Cy.;ll.,.. Fur c.1. fib:.c;1.+:on of whiC"h th~ fibte/1 U(. 

l~ c t'Phf e ·=· the d.loH <"ibr lion.!J iL >O~~ible t 
. umr„ J.r i ": [ c:.c.: mo • t ] 
long exact Gysin / 

c1.::.1 of the ir.f1lt.nati4 n of it.J i: r•tr,tl SN •4<f•l: _ iri .,. 
tJang ::-equcnc 

To ol>ta.i•1 the 'Jy~in :=.;eq1Pnce 
e ectri:ü J:..E'quor.P hc.J.s only :.wo 
.ows, and e~ch of thP.lt is ü 

E 
nvn triviLi.l row., 
< 1.1py of H(B). 

* c ohomo l or,;.y und e! J 
1 

i:J :..he flnctl terr 
n 

E ,„, H (E) 

T'H two r-ow.., o f E 

1.;0ktr(J 
1

) 
n+ 

C\nd concu' t n. t ir•ti the.J 

Hm-n-1„B' 
p \. ~' 

Hm„,..,, 
\ r," 

r E'QU • r •:d lon 

74 

„ 

viz. 

So ~ 

c•! th 

B not 
+l.e Cth 

E 
tl t-1 

t !w. t 
~nd 

a.r.d 

...:: UE'11Ct:. 

.. ' 



" 

in \Jhi<.:11 the c..onr.ec:~ . .:.r1~ homomorph· i:,11., ar d , ~ 
n+! 

The ec,n...it ut·tlon of tla' tJung sequence iE- e.>rn.t:tly ::.i"milc..t 

s~~-} C.uh •lfü. l•· " t•f ~t. P.ft t iHciii <>ld.;,. V er) . V • '!'ht. p ( 0Ilbi· t >f 
n , c, ri, q 

al: s ~quenc. e~" of 1H1et!1 vf ortlwnorme:1.::. vect.~~ of r.P .l.tJ.i:; ut. ra.e 

•Ktreme we hdve V 
n,n 

O(n), and ..it the othc.r V ~ 
rj,, .... 

* ~i ( V ( r. , q ) , J ' ..., .1 ( .· 

t; l ((' ,, • " 'J _ r.a,11, IJ .„,{ 

Th.:c; 

„ 
II Y. 

e 
n 

n n 1 , „ ~,~ c t t l „ 

r oved Liy o n l.1d..tc Llur. on ct ui:..ing the 'uphEJt ical fiuruticm 

,..r. 
.J ~ V 

n, 

Agaln, to f~tcbl. ·h ':t.e requ·ute de enere~cuHe, extrc.1 effort & 

0„1 jub o.1c genfCLutor: :.hi• C'onsi~ „:; of c:ompclr ir.g \Jit.h LhP C"a:.>e q 
+ar.gent .-cP11"r • bundle of (n-1) ::.pl ere. '!"h•n [over ~] thii=.: c1 ifft..Jt 

r.et:Jde<i 
2 uf 

n L ic:.l.l 
h r e is mu:tipl~<.:ation by 0 or 2: or1 = enerc..,ly, for thc t r. •nt 

bundle of '„ I'l, this Jiffe„entia ü, multi >lication by the F. tl . 
.( 1 i u ~· t t. „;: 0 f I'1 • 

(C) SIMt PLICIAL FU.L.ATI N „ I.1 case tht:J ruje<'tio ÜJ .:m , · c i 1 

(pi 1110. i:1b.i c r , we r thE' dir n ionc.i.l Ic.dif•tl C(E) 

c:ochains uf E to [ ir.e1 gt: e:.1.dir. 

C(E) -E ,..P' q ( E) 
(p,q) ' 

whei: f_ 

(p+q.I 

ellUctl 

d1:.:nott:::o the 
d.:.rut>IISLOflcl.l ::.iiirpliC-C'! 
~o p. 

o f c..ochains 
r · u 1- ,t, 011. 

~1Jc.tn.1ed 

filt( ) 

A dou:bl.:• ("Olnplt : l (. cubc1ur.dar y c uf ,...CE.1, <' 

\Jt i t t en d.~ d. $Uffi ~ Whü! 0 c:...n . d. E 
0 1 • 'o '1 

~ 

th.is [ it1e gradl.r1g, and tJ.I e of bicl g:: ce..i ( 0' 1) 

0 0 1 1 
.,;., .... c 1 

Let C (E) 
p 

C(E~ spc1.r.in(;d by ... implice~ of filt:r +-ion 

C' CE) , c,1.nd th..i. t 
p 

1JLer e N > d.:.r (B). 

C 1 ( E) 
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Tl 1• p. ,1 l t.h t. • f' U.d „ J .„ • .: . f_ „. 

:„e„ une fi1sL $et) 

Er-' q 
') 

C,i. 
p 

(E)tCpt 
J 1 t 1 

cohou ... Hla~.:. i::s C 1 E) 
p" 

C: "E,,. uf 
p 

the filtere<l ~om lex. Note that d
0 

l< homog (•no , o f l>ide .te ( 0 , 1, ~ c1.nd 

i.:c,incid•o, uw.ln the identifi«1ti->i: f
1

' 'E) 
0 

ar.oni ·a.l hc sif. of E, wit t t:!1e 'J con~ idE'r d above. ~ 

Then, f o r e ;i.ch t t 
„,p,q 
L 
t 

) hi ( 1".'' 1 cI) t 
) •• .1 J .) ; 1 C'on ll:. 

given by 

of . ' 
(. ~ 

thc 

' + 

1.·or.taining a.n 
is ,t se.uence 

oboundd.tY ( x) h,.., f" l r ü l ion p ~r thu::... +hi 
ft >::n 

,.., 
~o to su1:>&>a<.• (> f 0 • t f. r r c er. t e ' l> 

'"'YClc. s. 

And, f () t' 

[Tho defin"tion nf rl 
r 

.c.l.cl t' 0 , let .t'i 
r 

,q 

n c.ilnlng +.11 e 1.:ouou11da1 y y of 
io 1. .;/ . u n i r.c t e H. in ft om 

E 
r 

H. 

0 

~ E uses tld 
I."' 

X ~ • X. 

1.·on .... i~ t f c.i.11 

havin~ filtrution -r-: lhu. 
t O t 11.e bUbLpc.lc. !:' (J f c:or.~i..., t i. 

co>Jets reprc..., nt d b 1. obouridL>I l ec 

.::>O if "'"' di::fir.e 

E 
t 

H(E). 

„P, 
~!' 

e" ld f .:.r.< l ly >P. urne E 

Of cou1se to check all tlH fa1. „ of rA) nH.Lc..h mo.i:~ vork is tl:! uired ~E.·. ~ · 
or.e 11€'ld..S to de!iue d us itiliC;ute<l abov<: to _,rf'cise th "dt.:ct~ se" of 

t 

the '2 
r 

into H(E . .1 
.1. 

H(E. 
1
)]. 

.1.+ 

{>l MO >Tl rIBRATIONc;; l.JLer F, E und B, ar e LJrnovt!1 1 anifuld~ w.:.t!1 
smooth ma.> of max.:.1.iun. rar.k, an<l ..., va.nt to vor:k ovut er , , tl.en he .J, 
R„1. n1 C·Jh\pb _ (\"l:;) ,d) of E cur E> •.tsed. ~· 

lJt !Jd-Y th.J.t d d1tfetPilt.1 J. 1•·tm 
Vctr.i 1. "' ,tt ny point whenev r not 
wan eflt wO tl.e fibet 

T'1 • forrnuLl for d s~ww~ t hcl. + 

\
1 

"F) iL vf 
thur. r p of 

( E' p .1 
of all 

filtraw.:.on P L >re .... er Vf' b d. Thu. onc e c.. i r. 'w' t;: h„ V 

dt•t " • „!11 .t " 

(E) A "E) 
1 
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vher c N di':ll(B). 

It i spe tral .... equcrn·t· turris out to fulfll:!. Lht: 1 equ.:.l mi::1iLo:. 1..f (A) [e.e.. 
' 11 I cuir..id H J.uc.:+s :n E cHP l:.li1.ply thv<Ji;J .ndu.:t:Jd by tl.~ t. Hf 

pnd1 t of differentic..l forros~. 

(1) ut :.t lt- t t:-l eu•ll t~lu G n l 

l 8!.i.b th .... 11 cc.>r.a., ":tu+ c ,....!,(1 ... ), wt1.:l .1 !1 tl. pos i.'" ion .J 

coinpac '.: r •• 
hc.l.Vtl thP. 

c:ucn<' .... in ~n 0f 
r cl" t 0 ( r„) , ,,.nd , 
corupac t r 8t. J.<' t 

or . l;)nc cd ::!.. .:. f 1 t;l0 tl.:::; c.l... e n • .., 
V It „ ... ·•tf._l , i1tf„ t ,_ t. 1.tt 

& „ l L r D'-~1t:•) 
f''L- 1 nut ,n • 

' ; 
n,q 

1 ·t 

( 2) .;;pp( t.t·~l S;P<(UPlH. f: ül 

in ( D) and was in t oduc ui b 
l.<'llli.1 Jl<l. Thü ih <lef in 

is avai labl e thertJ ü.i 1ft' c h t is 
fibration~. However a nurrl>er fc.1.c.:c.., 
"'ul r d ur.der $Ui tabl ü c.. r d.:. ~ i m .. 
under "'toc>d IlUl h later by 
-::L ir work i n th book of 

1 9 7 4 . Si nc e now 
di'ft;t· ut ftor1 

' - .... ~ Ltl.l ~ tlness, c'u 
thc c ompl t 

An .10 .... ition 

:. .:. t y. 
.... to1y 
f lc.l.t 

(3) t, T • ~ ,„. t P 1 • 'n I tlt~ '' •• 

0 . . . ' c'„E) " Cs ,q 
"' p • 

>f tl.e doul>::!..l:l cor1 lex of (C) 
C ( E" . [ T' i l 1 ~ l i t y o f ai.d 
C(E„ provided by the si.mpliceH 

i< Pl { .J(.;::'V •d by t :i.e 

~he ,, bE'i.1 fixed by 
of E.] 

I f Oll f i.., not ir t r~ f„t.( d in toc.lu tJ, th:. 

c::.f" ·tentid.ls Jr ,o·r tllf "ot~1er 'WcJ.y", 
/,,,,„„z •· • of E, i~ j•J~t .,.s i:,;uod. However , 
on•. c. n c!i~, t.as~ vith both filt..J.tion.! 

fll „ 

d (l r • f 1·~ • 
t· 

.l 

* 

< rtd wh i eh 
if .i:ro uct, 

lt ' . .J 

UUJ.l „._lt• II 

c ~~r„vr. i t !:; 

r.:or.ver~e. to 
c .i.n l> • l.C.tifi. 

(cf. 

t c.i. 

of 

E " 
t:. () t 

vf 

c, f 
) f 

li 
d, 

Lt)~ Z* (E) und Z (E) be ~L~ $ 1b.JP< '-ei?. :.>f C(E) c.:>r.ui .... tin~ r c~ ... t:('tiv ly of 

all cy.:::les ar.d coc.;yclu •. 

ro:: u.c.h C(E), lt 

fi_ltrc.~tior.;.; vf th 

tJ e kr.ow t h,t 1 c:i.dcl i t i v 1 y • -> hni.ut h y 

* 7*(E„ ll 7 (E). 

) ( ) rote the 1;1r • .1.l 

i ( (' ~ >f C•n,i<ir 

t 

of C~E) 

•) f c 11 -..uch thcd. ~ „ ) c * (< ) t , c.l.n lik wi.. n ~1 

... 7 



~ 

su'>8Pcl.< • 7 (E) 
i 

Nu_e thc.t both 

tnd 1iec1 "'- "- e I 

t .;;.;J .J ,. t i V 1 
•·• i IH. by 

* , 1 ( ) ' ) 

c , f r 01t1 r c r) , 
r i:.,uffi~ itr .l'f 

1J i t h t h e :l 1) o v € (.qua. t l 0 n a. •J o i..a c- •• ~ , w € c' f .!. r. E.. t 1. ~ 

E 
I 

N~te u. t pt • ...ic:: ve.:. ..., t , E) 
"'-:.· '\. ... 1.1!1 i. cl. cl. 

1'<.: t ..itr·c.:o •• 

int eu;e ;..:.on E 
1 

to 

tl.ey 

* Z (E) to.iV UL tlle 

61.'.'."U both uV~ilctb:'..e, 

J ) 
t 

E 
I + 1 

7? 

the L;..ul:est om. n~n (1 f 

d i f f er c .1 t i ._. l 1 

ctnd ure dual to 

•„;"' 

') t L 

Uc.4C:}i <>tb 
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