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1. hW, mYN EhdIAW s`B rubwieAW pVHIAW hn (i&tzjYrld dy qrjmy Q`ly) Aqy iehxW
ivcoN kuJ rcnWvW s`cIN lwjvwb hn, pr myry iKAwl 'c iKAwm dw srkl mYQ`f - dyKo
phlI qsvIr - iehxw s`B qoN ikqy hsIn hY[

2. ikMvyN qy ikauN ieh hl krdw hY koeI ikaUibk x3 +Ax+B = 0 isD kridAW hn
ies qsvIr Q`ly ilKq kuJ hI pMkiqAW[ eyQy B ̸= 0, so koeI rUt 0 nhIN, Aqy y = x2 qy
ijhVy ≤ 3 ibMdU AwpW kt m`xny hn Eh (0, 0) nUM C`f hn[

3. ‘kvwfryitks' B = 0 bxWdIAW hn y-AYkiss[ jy ⊙ ies ryKw au`qyy hY qW srkl
y = x2 nUM tYNjYNt hY (0, 0) au`qy, Aqy ieh vI iek kt hY[ jy A`gy A = 0 qW EhdI ryifAs
1
2 Aqy (0, 0) qy y = x2 dI ryifAs AO& krvycr brwbr hn[
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4. hr ikauibks ⊙ dI lwien 2x+ 2αy = α+ α3, α ̸= 0 qy do dy do rUt hn, ieh
hn (x − α)(x + 1

2α)
2 = 0 A`qy (x − α)2(x + 2α) = 0, i.e., x3 − 3

4α
2x − 1

4α
3 = 0

A`qy x3 − 3α2x+ 2α3 = 0, i.e., pOAYNt ( 18α
3, 1

2 + 3
8α

2) A`qy (−α3, 1
2 + 3

2α
2) jo lwl

krvz y = 1
2 + 3

2x
2
3 , x ≷ 0 au`qy hn[ A`gy ieh ryKw dujy pOAYNt qy tYNjYNt hY ikauNik eyQy

fYrIvyitv dy/dx = x−1/3 iehdI slop −1/α dy brwbr hY[
5. Emwr dw qrIkw sWxU d`sdw hY ik jyhVI &MkSn dI hr ikauibk ⊙ auu`qy kImqW

Ehdy s`B rIAl rUts hn, Ehdw grw& G ⊂ R3 ifsjOAYNt XUnIAn hY lwiexW α∗ dw jo
α⃝ dy s`mWqr aucweI α au`qy hn[ so ieh s`r&Ys R2 nUM y-AYkiss 'c k`tdw hY, homIEmori&k
hY plyx nwl, A`qy iehdI iekUeySn 2x+ 2zy = z + z3 hY[

6. Eh pIly ‘morpMK' dy komplImYNt idAW A`D-lwienW α⃝ ifsjOAYNt hn[ iehnW dy au`qy
A`D-ryKWvW α∗ bxWdIAW hn G dw iek homIEmori&k sbsYt ijhdI hd hY pOAYNt (0, 1

2 , 0)

A`qy doAW lwl krvz au`qy G dy do krvz iv`coN iek[ jy AwpW G dy bwkI ih`sy iv`coN hux m`n&I
kr dyeIey dujIAW do krvz qW b`cidAW hn, morpMK dIAW iqx nklW jo s`B ies nwl
juiVAW hn (x, y, z) 7→ (x, y) Q`ly[

7. koeI ryKw α⃝ AYks AYkiss dy smWqr nhIN, A`qy iek qy isr& iek hr dUjI idSw
dy, so G idAW krvz y = k ktdINAW hn hr α∗ nUM iek qy isr& iek vwr[ jy k ≤ 1

2

qW ieh krvz grw& hn iek-kImqI lgwqwr v`DdI &MkSnz z AO& x dy, pr jy k > 1
2 qW

iehnW g`By iek Cotw jyhw S pYdw ho jWdw hY jo &yr k dy nwl v`Ddw hI jWdw hY[
8. so, swirAW ikauibks ⊙ dw koeI hl nhIN ‘Al j`bry' kol, XwxI ik, A qy B

dw, eIikaUvylYNtlI x qy y dw, koeI AYsw &weynwiet &OrmUlw nhIN jo isr& R dI jmW,
mn&I, zrb, q`ksIm qy s`rfz dI vrqoN nwl bxWdw hY grw& G[ drA`sl, jy y = k qW
AYsI koeI iv`DI, igx`qI dy x C`fky, hmySW idMdI hY pwvr E& tU z dIAW kImqW ...

9. so, swirAW ikauibks ⊙ jo iek in`kw jyhw EpYn sYt lwl krvz dy au`qy bxWidAW
hon dw vI koeI hl nhIN rIAl rYfIklz nwl[ hW, ‘vrg purqI' dI vrqoN nwl koeI rYSnl
α⃝ Evr G dy boh-q`hI ihsy nUM AWpW ieMj bxw skdy hW, pr AYsw &ormUlw lwien dy bwkI
ihsy qy lwgU nhIN (jo &yr A`qy izAWdw srl FMg nwl dsdw hY ik AsMBv hY swry ikaUibks
nUM iek`Ty hl krxw ie`ko rIAl rYfIklz dy &OrmUly nwl)[

10. ‘ikaub purqI' nwl AwpW iksI vI iekUeySn nUM trWslyt krky dUjI t`rm qW guL
kr hI skdy hW, pr mjydwr gl ieh hY ik ijs cIz dI AwSw b`cI hY -- ic`qr dy in`cly
swry ikauibks ⊙ dw Al j`birk hl hY -- nUM vI ieho iv`DI isry cVWdI hY :-

11. α3 dy swry bweInoimAl ivBwjn bxWdy hn inc`lI A`D-ryKw α⃝[ α3 = (u+ v)3

'coN mn&I krky iq`x b`ksy 3u2v A`qy iq`x 3uv2, so 3uvα, b`cdy hx do ikaUb u3 + v3,
so α rUt hY aus ⊙ dw ijhdw A = −3uv A`qy B = −u3 − v3[ A`gy, ikauNik u3v3 =

−A3/27, α joV hY x2 +Bx−A3/27 = 0 dy rUtW dy ikaub rUts dw[ mYp ⊙(u, v) =

(u
3+v3

2 , 3uv+1
2 ) Xu Aqy vI dy plyx dI fweygnl u = v au`qy simtrIkl duhrI qh lgw ky

idMdw hY dUsrI qsvIr dw morpMK nUM C`f swrw ih`sw[

ierwdw qW myrw ies swl hI Emwr qoN SUru ies khwxI nUM A`p tU fyt kr dyn dw sI
nots rwhIN, pr hux--jy r`b dI mrzI hoeI--bwkI not A`gly vrHy[ 31 d`s`mbr 2017]
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