
bIj gixq dw mUl mslw 

          QIErm : Eh sB iekUeySnW ijhVIAW AwpW skUly kvwfryitk POrmUly nwl hl krdy sW bxWdIAW hn mobIAs stirp ! 

          prUP :  k`mplYks nMbr skUly nhIN sn pr AwpW is`K il`qw sI ik kdoN qy iks qrIky nwl ifgrI do dI iekUeySn ax2 + bx 
+ c = 0 nUM hl krxw hY : mwro guxw 4a nwl A`qy kro ‘vrg pUrqI’ tU gYt  (2ax + b)2 – (b2 – 4ac) = 0 ijhdy Pyktr EdoN qy isrP 
EdoN hI munwisb hn jy  b2 – 4ac  ≥  0 shI hY[ hor A`gy doAW rUtW dw r`tw vI l`gw il`qw sI : kvwfryitk PormUlw !  homojIn`s 
ifgrI do idAW iekUeySnW ax2 + bxy + cy2 = 0 vI kuJ icr leI AweIAW sn A`qy iehnW nUM vI ausy ivDI XW PormUly nwl ausy 
zrUrI qy kwPI Srq  b2 – 4ac  ≥ 0 Q`ly hl krdy sW[ 

          ieh homoijn`s iekUeySnW bxWdIAW hn spys RP2 swry 3-tpl (a, b, c) nOt AOl zIro dI ij`Qy guxj (at, bt, ct) iBMn nhIN, 
i.e., spys AO& lwienz QrU dw AOrIjn AO& spys R3 swry 3-tpl (a, b, c) dI, i.e., spys swry joVyAW  ± P dI ijnHW ivc ieh 
lwienW k`tdIAW hn sr&Ys S2 fI&wienf bwey a2 + b2/2 + c2 =1 nUM[ so iekUeySnz iv`d b2 – 4ac  ≥  0 bxWdIAW hn Eh sbspys 
RP2 dI jo imldI hyy icqr dy Syiff ih`sy  – 1 ≤ a + c ≤ + 1 dy Awhmxy swhmxy dy poAYNtw nUM joV ky, i.e., spys jo bxdI hY jy AwpW 
iek p`tI dy iek kMFy nUM joV deIey ivroDI kMFy nwl 180 ifgrI dy moV qoN bwd] 

 

          bwkI iekUeySnW bxWdIAW hn Epx 2-sYl – pIly joVyAW dw – ijsnUM mobIAs stirp dI bwauNfrI nwl icpkw ky imldw hY 
RP2[ swry ifgrI iek dy muswvwq ux + vy = 0 bxWdy hn RP1 jo hY  S1 so kvwfryitk &OrmUlw idMdw hY homIAomor&Izm moibAs 
stirp qoN srkl dy isimtirk skvyAr S1 • S1 nwl ijhVw bxdw hY srkl dy swry AnAOrfrf joVyAW qoN[  swrIAW kvwfryitk  
ax2 + bx + c = 0 bxWdIAW hn sbspys a ≠ 0 AO& RP2 ijhVI R2 hI hY A`qy EhdI sbspys  b2 – 4ac  ≥ 0 homIEmori&k hy iek 
bMd A`D-plyx nwl[ kvwfryitk &OrmUlw idMdw hY iehdI homIEmori&zm R • R nwl ikauNkI swrIAW ifgrI iek idAW iekUeySnz  
ux + v = 0 sbspys u ≠ 0 AO& RP1 idMdIAW hn jo R hI hY[   

          ik`xy hI svwl KVy huMdy hn : ik AYNvy AsIN RPn nUM vI ivBwijq kr skdy hW jo spys hY ifgrI n idAW swrIAW homoijn`s 
iex AYks AYNf vwey iekUeySnz dI ? srkl dy isimtirk nQ pwvr dI idK kI hY ? vgYrw vgYrw[ pr lgdw hY phlW AwpW nUM 
AYsy svwlW dI soc krxI cwhIdI hY Evr kmplYps nMmbrz C [ hux nW isr& kvwfryitk &OrmUlw byrok k`m krdw hY Awpxy 
h`Q iek hrwxIjxk jYnrl QIErm vI hY[ &yr C nUM AwpW smJW gy swrIAW iekweIAW ux + v = 0 Aqy swrIAW ifgrI n idAW 
brwbrIAW a0xn + a1xn-1 + … + an = 0 bxWdIAW hn Cn [ koeI n ifgrI iek idAW iekUeySnz nUM gUxW mwr ky bxdI hy ifgrI n 
dI iekUeySn, ieh iek kMtInUAs A`qy vx-vx mYp C • … • C → Cn hY nQ isimtirk pwvr qooN : Alj`bry dI mOilk QIErm 
khMdI hYY ik ieh mYp homIEmori&zm hY ! Es jwdUeI zrb dy bdOLq ijnHy R2 nUM C bxw id`qw hY ieh mYp qW iekd`m srl hY pr 
nqIjw ihlw dyx vwlw : jwpdw hY  R2 • … •R2 ivc bhuq hI isMgUlYrItIz hox igAW iQErm khMdI hY AYsw kuJ vI nhIN ! ieh hI 
drA`sl iQErm dw idl hY nqIjw ieh isMgulYrItIz dI gYrhwzrI dy iekUvylYNt hI hY : dyKo not (d – b) [ ieh Alj`bry dy mUl 
qq dy nwl hI auTdw hY Alj`bry dw mUl mslw : ienvrs homIEmori&zm dw srl qoN srl vrnx l`Bo ! ik`xIAW hI s`dIAW dI 
qr`dd qoN bwd jwpdw hY ik isDWqk qOr qy qW pvWkwry ny sO swl qoN phlW hI ies svwl dw jvwb dy id`qw sI pr E&sos Aj 
qk vI iksI ny iehnUM iblkul sw& sw& SbdW ivc nhIN pyS kIqw hY [  
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           sMKyp iv`c rU&IxI A`qy Awbl ny is`D kr id`qw ik kvwfryitk jYsy &OrmUly nhIN km krdy  n > 4 leI [ pr AYsy &OrmUly 
is`hgy n ≤ 4 leI A`qy ieh not ho cukyAw sI ik Eh tirgnomYtrI dIAW isMglI pIirAOifk &MkSnz dI vrqoN nwl srl bx jWdy 
sn[ Awbl qy jYkobI ny ienvrs nUM  n = 5, 6 leI smJ lyAw plyx idAW dohrI pIirAOifk mYromOri&k &MkSnz dw iesqmwl 
kr ky [ plyn dI Xukilf dI jIEmYtrI Q`ly do qON izAwdw Awzwd pIirAf nwmumikx hn [ pr Agr AsIN plyn dI bnwvtI 
byAMqqw iqAwg deIey Aqy ausxUM iek &wnwiet ryfIAs c < ∞ dI ifsk v`jON q`kIey – dyKo plyn jIEmYtrI AYNf rYlytIvItI – qW 
Eh s`B lInIAr rI&lYkSnz iml jWdIAW hn jo iehdy kon nUM Ehdy iv`c hI mYp krdIAW hn [ ieh ikqy ijAwdIAW hn EhnW 
dy mukwbly jo kI klwsIkl XW XuklIfIAx ilimt c → ∞ ivc mOjUd hn [ rYlyitivsitk plyn auqy ExIAW hI ACIAW &MkSnz 
hn ijnHw dy mn mrjI nMbr dy Awzwd pIrIAf hn Aqy pvWkwry dw jvwb iehxW dI vrqON krdw hY [  

           ienvrs dI jitlqw dy m`dynzr Swied AwpW nUM kuJ h`d q`k Awpxw srl mYp hI iqAwg dyxw cwhIdw hY - dUjy SbdW 
iv`c R2 dI jwdUeI kMmplYks zrb hI - jy ieh kImq dy ky ausdI koeI A`CI fY&OrmySn ^rIdI jw skdI hY ijsdw ienvrs Exw 
hI A`Cw hY ? ieh ivcwr dw ho skdw hY kuJ lYxw dyxw hoey mocIzukI dy ipCly kuJ swlW dy kMm nwl  …  

 

          ky AYs srkwrIAw                                                                                                                 16 AprYl 2017       
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